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ABSTRACT. Theophrastus, Aristotle’s pupil and eventual successor as head of
the Peripatos, developed a theory of hypothetical syllogisms in which he sought
to reduce various modes of propositional reasoning to the three figures of cate-
gorical syllogisms. Jonathan Barnes has argued that Theophrastus’ attempted
reduction is incoherent and ‘doomed to failure’. Others have gone still further,
denying that Theophrastus’ hypothetical syllogistic constitutes any sort of con-
tribution to the study of propositional logic at all. The present paper offers, in
place of such negative assessments, an alternative view of what we shall argue
are, in fact, significant and noteworthy achievements on Theophrastus’ part
in the field of propositional logic. We reconstruct Theophrastus’ calculus and
show that it gives rise to a coherent and natural system of propositional logic—
namely, first-degree intensional linear logic—which captures exactly the early
Peripatetic theories of wholly and mixed hypothetical syllogisms. Theophras-
tus’ calculus also underwrites Aristotle’s rule of reductio ad impossibile and his
commitment to the connexive law that no proposition entails its own negation.
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2 THE ORIGINS OF PROPOSITIONAL LOGIC

From its earliest beginnings in Greek antiquity and throughout most of its subse-
quent history, the study of formal logic has exhibited a Janus-faced guise, shaped
by two distinct approaches to the subject. The first of these approaches is primarily
concerned with simple propositions expressing predicative relations between terms.
The second focuses on compound propositions and the operations by which they
are constructed from simple ones. The former treats logic fundamentally as a logic
of terms, the latter as a logic of propositions.

While the term-based approach originated with Aristotle’s theory of the cate-
gorical syllogism, the proposition-based approach was championed by the Stoics.
During the Hellenistic period, various arguments were put forward in favor of the
relative priority of one of these two approaches over the other. Some argued, for
instance, that propositional logic is prior to categorical logic on the grounds that
Aristotle’s syllogistic relies on modes of propositional reasoning such as reductio
ad impossibile. The Peripatetics, by contrast, sought to establish the primacy of
categorical logic by reducing various modes of propositional reasoning to the figures
of categorical syllogisms. The first to undertake such a reduction was Aristotle’s
pupil and eventual successor as head of the Peripatos, Theophrastus.

Theophrastus’ proposal for how to reduce propositional to categorical logic turned
on an analogy that he observed to hold between conditionals, on the one hand,
and universal affirmative propositions, on the other. By exploiting this analogy,
Theophrastus showed how so-called wholly hypothetical syllogisms, which consist
solely of conditionals, can be reduced to categorical form. His reductive ambi-
tions encompassed other modes of propositional reasoning as well, including mixed
hypothetical syllogisms of the form modus ponens.

As is widely acknowledged, Theophrastus’ work had a significant impact on the
subsequent development of Peripatetic logic. Nonetheless, the intended scope of his
treatment of hypothetical syllogisms remains the subject of scholarly debate, and
doubts have been raised as to its overall coherence and systematicity. In particular,
there is a question whether Theophrastus’ account of hypothetical syllogisms con-
stitutes a full-fledged system of propositional logic or whether, instead, it amounts
to nothing more than an inchoate and somewhat haphazard collection of rules and
laws. The latter view is implicit in the widely-held opinion that the contributions
made by Theophrastus and the early Peripatetics to the subject of propositional
logic were, at best, marginal. Thus, for example, Ebert maintains that ‘the sources,
when critically examined, do not allow us to attribute to the school of Aristotle any
genuine contribution to the development of propositional logic’.! A similarly dis-
missive attitude is reflected in Lukasiewicz’s claim that ‘the first system of propo-
sitional logic was invented about half a century after Aristotle: it was the logic of

LI, Ebert, Dialektiker und frihe Stoiker bei Sextus Empiricus: Untersuchungen zur Entste-
hung der Aussagenlogik [Dialektiker] (Gottingen, 1991) at 19. Similarly, J. M. Bocheriski, Formale
Logik (Freiburg i.Br. 1956) at 119-20 claims that we have ‘no reason to attribute to Theophrastus
any law of propositional logic’, and D. Londey and C. Johanson, The Logic of Apuleius [Apuleius]
(Leiden, 1987) at 28-9 maintain that ‘the hypothetical syllogisms of Theophrastus are not really
part of a propositional logic properly so-called’. See also A. Speca, Hypothetical Syllogistic and
Stoic Logic [Hypothetical] (Leiden, 2001) at 32.
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the Stoics’.?2 More recently, Bobzien has argued that Theophrastus’ work on hypo-
thetical syllogisms should not be classed under the heading of propositional logic
at all, and while Barnes would disagree with Bobzien on this point, he neverthe-
less maintains that Theophrastus’ program of reducing propositional to categorical
logic was ‘doomed to failure’.

The present paper seeks to offer, in place of such negative assessments, an alter-
native view of what we shall argue are, in fact, significant and noteworthy achieve-
ments on Theophrastus’ part in the study of propositional logic. The plan of the
paper is as follows. We begin by addressing the longstanding dispute over the na-
ture of the hypothetical propositions studied by Theophrastus. We argue, contrary
to what is often thought, that Theophrastus’ theory of hypothetical syllogisms is
not limited to some special class of conditionalized statements, but comprehends all
conditionals of the form If ¢ then v, where ¢ and ¥ may be any categorical proposi-
tions. For this reason, we contend, Theophrastus’ theory of hypothetical syllogisms
can rightly be regarded as a logic of propositions (Section 1). We next turn to the
Peripatetic program of reducing propositional to categorical logic. According to
Barnes, Theophrastus’ proposed implementation of this program is subject to the
‘devastating objection’ that it cannot, on pain of inconsistency, accommodate such
basic laws of Aristotle’s categorical syllogistic as the rule of a-conversion. Barnes
thus concludes that the Peripatetic program, as envisioned by Theophrastus, must
be deemed a failure (Section 2). To assess the force of Barnes’s objection, we
first consider the core principles invoked by Theophrastus in explicating his anal-
ogy between conditionals and universal affirmative propositions (Section 3). These
principles give rise to different logical calculi depending on what structural rules
are taken to govern the consequence relation. As these structural rules are pro-
gressively weakened, the core principles posited by Theophrastus generate three
distinct systems of propositional logic: classical logic, relevance logic, and inten-
sional linear logic. None of these systems, however, is weak enough to avoid the sort
of incoherence alleged by Barnes’s objection (Section 4). We proceed to weaken the
structure further by treating hypothetical propositions as non-recursive, admitting
only conditionals of first degree. This non-recursivity is motivated by the early Peri-
patetic view that hypothetical propositions express conditional assertions (Section
5). In this non-recursive setting, the principles posited by Theophrastus give rise
to a calculus which successfully avoids Barnes’s objection and which, in our view,
constitutes a faithful reconstruction of Theophrastus’ hypothetical syllogistic. The
propositional logic generated by the calculus—first-degree intensional linear logic—
comprises exactly the early Peripatetic theories of wholly and mixed hypothetical
syllogisms. While this logic bears some resemblance to modern logics of condi-
tional assertion, it also possesses a number of distinctive features that set apart

23, Lukasiewicz, Aristotle’s Syllogistic from the Standpoint of Modern Formal Logic, 2nd
edn. [Syllogistic] (Oxford, 1957) at 48. In the same vein, S. Bobzien, ‘Stoic Sequent Logic and
Proof Theory’ [‘Stoic Proof Theory’], History and Philosophy of Logic, 40 (2019), 234-65 at 234
maintains that ‘the Stoics were in effect the first to develop a propositional logic’. Similarly,
K. Ierodiakonou, ‘Theophrastus’, in E. N. Zalta (ed.), The Stanford Encyclopedia of Philosophy
(Winter 2020 edn.), at §2.

33, Bobzien, ‘Wholly Hypothetical Syllogisms’, Phronesis, 45 (2000), 87-137 at 92-111; J.
Barnes, ‘Terms and Sentences: Theophrastus on Hypothetical Syllogisms’ [“Terms and Sentences’],
Proceedings of the British Academy, 69 (1983), 279-326 (reprinted in id., Logical Matters: Essays
in Ancient Philosophy II [Logical Matters], ed. M. Bonelli (Oxford, 2012), 433-78), at 321.
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the Peripatetic conception of conditional assertion from its modern counterparts
(Section 6). Theophrastus’ calculus also accounts for the early Peripatetic the-
ory of disjunctive hypothetical propositions expressing conflict, and it underwrites
Aristotle’s commitment to the connexive law that no proposition entails its own
negation. Theophrastus thus succeeded in developing a single, unified system of
propositional logic which comprehends all the various, seemingly disparate strands
of the early Peripatetic theory of hypothetical propositions (Section 7). In virtue of
these achievements, we submit, Theophrastus’ theory of hypothetical propositions
marks the true origin of propositional logic.

1. THEOPHRASTUS’ CONDITIONALS

The history of formal logic begins with Aristotle’s theory of the syllogism. In the
Prior Analytics, Aristotle investigates the inferential relations that obtain between
simple predicative propositions such as those of the form A holds of all B and A
holds of no B. The schematic letters ‘A’ and ‘B’ appearing in these propositional
forms are paradigmatically instantiated by terms such as man, animal, and walking.
The resulting propositions are traditionally referred to as categorical propositions,
and valid arguments consisting of such propositions as categorical syllogisms.

Aristotle’s theory of the categorical syllogism served as the starting point for
subsequent work in logic undertaken in the Peripatetic tradition, including con-
tributions made by his own pupils Theophrastus and Eudemus. Theophrastus, in
particular, wrote a number of treatises in which he sought to expand upon Aris-
totle’s categorical syllogistic. One of his main concerns was to investigate how
Aristotle’s syllogistic might be extended so as to deal not only with categorical
propositions but also with hypothetical propositions expressing conditionals (111A—
113E FHS&G).* These investigations led Theophrastus to develop a theory of what
he called ‘wholly hypothetical’ syllogisms, that is, syllogisms consisting solely of
hypothetical propositions.’> Moreover, he studied what the early Peripatetics called
‘mixed hypothetical’ syllogisms, that is, syllogisms containing both hypothetical
and categorical premises.%

4We refer to the fragments of Theophrastus using the numbering provided by W. W. Forten-
baugh et al., Theophrastus of Eresus: Sources for His Life, Writings, Thought and Influence,
Part 1 [FHS&G] (Leiden, 1992). For the Greek text of Aristotle’s Organon, we use the edition
of T. Waitz, Aristotelis Organon Graece [Organon], 2 vols. (Leipzig, 1844-6), unless otherwise
noted. The works of the ancient commentators are cited from the Berlin Academy edition of the
Commentaria in Aristotelem Graeca (1882-1909). Galen’s Institutio logica is quoted from the
edition of J. Barnes and B. Morison, Galen: Introduction to Logic, vol. i: Introduction, Text,
Translation [Institutio logica i] (Oxford, 2026). All translations are our own unless otherwise
noted.

5Theophrastus himself referred to such syllogisms as ‘wholly hypothetical’ (3 dhou Urnodetixol,
Philop. In An. Pr. 302. 6-12 = 113C FHS&G; per totum hypothetici, 113D FHS&G). See
H. Maier, Die Syllogistik des Aristoteles, /1. Die logische Theorie des Syllogismus und die
Entstehung der aristotelischen Logik: Formenlehre und Technik des Syllogismus [Syllogistik
ii/1] (Tibingen, 1900) at 282 n. 1; Barnes, ‘Terms and Sentences’, 288; pace K. Dirr, The
Propositional Logic of Boethius [Boethius] (Amsterdam, 1951) at 7.

6For this characterization of mixed hypothetical syllogisms, see Alex. Aphr. In An. Pr. 262.
28-32 = 112A FHS&G. See Maier, Syllogistik /1, 272 n. 2 and 281-2; J. Barnes, ‘Theophras-
tus and Hypothetical Syllogistic’ [‘Theophrastus’], in J. Wiesner (ed.), Aristoteles: Werk und
Wirkung. Band 1: Aristoteles und seine Schule (Berlin, 1985), 557-76 (reprinted in Barnes,
Logical Matters, 413-32), at 564; id., Truth, etc.: Siz Lectures on Ancient Logic [Truth, etc.]
(Oxford, 2007) at 290.
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Over the past several decades, there has been much debate as to the nature of the
conditionals that figure in Theophrastus’ theory of hypothetical syllogisms. Some
scholars maintain that Theophrastus’ theory covered all conditionals of the form If
@ then 1), where ¢ and v are any categorical propositions.” Others argue, against
this, that Theophrastus did not theorize all such conditionals but instead limited
himself to a restricted class of conditionalized statements, such as those of the form
If it is A, it is B and If anything is A, it is B, where A and B are terms such as
man, animal, and walking.® On this sort of view, Theophrastus’ theory arguably
does not count as a propositional logic at all, since the schematic expressions ‘A’
and ‘B’ appearing in its conditional forms do not stand for propositions. This
verdict would be warranted whether we adopt Lukasiewicz’s characterization of a
propositional logic as one which contains variables ranging over propositions, or
Bobzien’s conception of it ‘in the very loose sense of a logic that is concerned with
the relations between whole propositions’.? By contrast, on the view according to
which Theophrastus’ theory covers all conditionals of the form If ¢ then 1, it does
count as a propositional logic in this sense.

In our estimation, the preponderance of textual evidence speaks in favor of this
latter view—or so we shall argue in this section. We will first consider the key texts
pertaining to Theophrastus’ theory of wholly hypothetical syllogisms, and then turn
to the evidence concerning mixed hypothetical syllogisms. Given the fragmentary
nature of the sources, none of the considerations adduced will be conclusive on its
own. Still, taken together, they constitute a compelling case that Theophrastus did
in fact intend his theory of hypothetical syllogisms to cover all conditionals of the
form If ¢ then 1, where ¢ and 1 are any categorical propositions.

Theophrastus’ investigation of wholly hypothetical syllogisms drew its inspira-
tion, at least in part, from various examples of conditional reasoning discussed by
Aristotle. For example, it is widely acknowledged that Theophrastus was motivated
by the following elliptical remark from the Prior Analytics:'°

el avdpodnou évtog avdyxn (&ov elvon xal {oou ovaolav, dvipedrou
6vTog dvdyxn obotoay lvon: GAN olnw culkehdyloton: ob yap Eyoucty
ol Tpotdoelc K¢ eiroyev. (Arist. Pr. An. 1. 32, 47a28-31)

7Diirr, Boethius, 46-8; K. Berka, ‘Zur Problematik der peripatetischen Schliisse xat’ dvohoyioy’
[‘Schliisse xat’ dvohoyiav’], Deutsche Zeitschrift fiir Philosophie, 6 (1958), 949-57 at 950 and 956;
id., K déjindm vyrokové logiky v antice [Vyrokovd logika v antice] (Prague, 1959) at 18-19;
M. Frede, Die stoische Logik (Gottingen, 1974) at 125; Barnes, ‘Terms and Sentences’, 290-5
and 312-16; id., ‘Syllogistic in the Anon Heiberg’ [‘Heiberg’], in K. Ierodiakonou (ed.), Byzantine
Philosophy and Its Ancient Sources (Oxford, 2002), 97137 (reprinted in Barnes, Logical Matters,
683-727), at 121; A. A. Long, ‘Theophrastus and the Stoa’, in J. M. van Ophuijsen and M. van
Raalte (eds.), Theophrastus: Reappraising the Sources (New Brunswick, 1998), 355-83 at 379.

8. M. Bocheriski, Ancient Formal Logic (Amsterdam, 1951) at 75; M. Maréth, ‘Die hypo-
thetischen Syllogismen’, Acta Antiqua Academiae Scientiarum Hungaricae, 27 (1979), 407-36 at
412-13; Londey and Johanson, Apuleius, 28-9; Ebert, Dialektiker, 17-18; Bobzien, ‘Wholly Hypo-
thetical Syllogisms’, 107-8; ead., ‘The Development of Modus ponens in Antiquity: From Aristotle
to the 2nd Century AD’ [‘Modus ponens’|, Phronesis, 47 (2002), 359-94 at 381; ead., ‘Peripatetic
Hypothetical Syllogistic in Galen—Propositional Logic off the Rails?’ [‘Galen’], Rhizaz, 2 (2004),
57-102 at 59; Ierodiakonou, ‘Theophrastus’, §2.

9J. Lukasiewicz, ‘Zur Geschichte der Aussagenlogik’ [‘Aussagenlogik’], Erkenntnis, 5 (1935),
111-31 at 111; id., Syllogistic, 48; Bobzien, ‘ Modus ponens’, 363 n. 13.

10Majer, Syllogistik i1/1, 281 n. 1; Berka, ‘Schliisse xat” dvahoyiov’, 955; W. Kneale and M.
Kneale, The Development of Logic [Development of Logic] (Oxford, 1962) at 110; Barnes, ‘Terms
and Sentences’, 293; Bobzien, ‘Wholly Hypothetical Syllogisms’, 92.
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If it is necessary for animal to be if man is, and substance to be if
animal is, then it is necessary for substance to be if man is. But
this has not yet been syllogized, for the premises are not disposed
in the manner that we have said.

Aristotle here considers the following argument consisting of three conditionals,
each of the form If A is, then B is:'!

If man is, then animal is
If animal is, then substance is
Therefore:  If man is, then substance is

The propositions that appear as antecedents and consequents in these conditionals
are Man is, Animal is, and Substance is. Aristotle discusses such propositions, in
which is is used as a one-place verb, in the De interpretatione, contrasting them
with propositions in which is is used as a two-place copula connecting a subject and
a predicate (De int. 10, 19b14-22). While Aristotle does not explain the precise
meaning of these propositions, it is generally agreed that they signify existential
statements such as Man exists (or, There is a man).'?> Accordingly, most scholars
take the conditionals employed by Aristotle in the passage just quoted to be of the
form If A exists, then B exists.'

There are some who reject this existential reading and instead take Aristotle
in the passage to be dealing with propositions of the form If it is A, it is B or If
anything is A, it is B.'* This, however, is not a natural way of construing Aristotle’s
Greek, which favors a one-place reading of is over a two-place predicative reading in
which the antecedent and consequent share the same implicit subject.!®> Moreover,
the one-place existential reading is strongly supported by a number of parallel

11Following Alexander (In An. Pr. 347. 19-348. 2), we here omit the expression of necessity
employed by Aristotle in his formulation of these conditionals.

125 L. Ackrill, Aristotle’s Categories and De interpretatione [Cat.€ De int.] (Oxford, 1963)
at 142; C. W. A. Whitaker, Aristotle’s De Interpretatione: Contradiction and Dialectic (Oxford,
1996) at 135-7; P. Crivelli, Aristotle on Truth (Cambridge, 2004) at 100 n. 4; H. Weidemann,
Aristoteles: Peri Hermeneias, 3rd edn. [Peri Hermeneias] (Berlin, 2014) at 331.

135, H. von Kirchmann, Aristoteles’ Erste Analytiken, oder: Lehre vom Schluss (Leipzig,
1877) at 75; O. F. Owen, The Organon, or Logical Treatises, of Aristotle, vol. i (London, 1889)
at 157; A. J. Jenkinson, ‘Aristotle’s Analytica Priora’, in W. D. Ross (ed.), The Works of Aristotle
Translated into English, vol. i (Oxford, 1928); H. Tredennick, Aristotle’s Prior Analytics (Cam-
bridge, MA, 1938) at 365-7; W. D. Ross, Aristotle’s Prior and Posterior Analytics: A Revised
Text with Introduction and Commentary [Analytics] (Oxford, 1949) at 399; M. Mréz, K imp-
likaci v Aristotelove logice [Implikace] (Prague, 1988) at 62; R. Smith, Aristotle: Prior Analytics
[Prior Analytics] (Indianapolis, 1989) at 51; R. Bolton, ‘The Problem of Dialectical Reasoning
(ZuMoyiopde) in Aristotle’, Ancient Philosophy, 14 (1994), 99-132 at 117; O. Primavesi, Die
Aristotelische Topik: FEin Interpretationsmodell und seine Erprobung am Beispiel von Topik B
[Topik B] (Miinchen, 1996) at 1634 and 178 n. 26; T. Ebert and U. Nortmann, Aristoteles:
Analytica Priora, Buch I [Analytica Priora I| (Berlin, 2007) at 78 and 805; D. Ebrey, ‘Why
Are There No Conditionals in Aristotle’s Logic?’ [‘No Conditionals’], Journal of the History of
Philosophy, 53 (2015), 185-205 at 190-1; A. L. Edelhoff, Aristotle on Ontological Priority in the
Categories [Ontological Priority] (Cambridge, 2020) at 19-22.

1Bocheriski, Ancient Formal Logic, 61; P. Slomkowski, Aristotle’s Topics (Leiden, 1997) at
106-7 n. 42; Bobzien, ‘Wholly Hypothetical Syllogisms’, 92-6 and 107-8; I. Mueller, Alezander
of Aphrodisias: On Aristotle Prior Analytics 1.32-46 (London, 2006) at 32; Barnes, Truth, etc.,
434-5; G. Striker, Aristotle: Prior Analytics, Book I [Prior Analytics I] (Oxford, 2009) at 52;
M. Crubellier, Aristote: Premiers Analytiques (Paris, 2014) at 141.

150ur translation of avdpdrou Gvtog dvdyxn {&ov elvan at 47a29 follows Smith, Prior Analytics,
51. By contrast, Striker, Prior Analytics I, 52 translates: ‘what is a man is necessarily an animal’.
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passages in which Aristotle employs the same type of conditional construction. For
example, when Aristotle writes ‘if fish is, then animal is, but it is not necessary
for fish to be if animal is’, he means that the existence of the species fish implies
the existence of the genus animal but not vice versa.!® Similarly, when he writes
‘if half is, then double is’, he does not mean that every half of something is a
double of something, which would be a stronger claim than what he intends, but
simply that the existence of the relative half implies the existence of its correlative,
double.'” Or, when Aristotle writes ‘if two are, it follows at once that one is, but if
one is, it is not necessary that two are’, he means that the existence of a plurality
consisting of two units implies the existence of one unit but not vice versa.'® Since
presumably being two is incompatible with being one, the conditional in this case
cannot plausibly be taken to be of the form If it is two, it is one or If anything is
two, it is one.t9

Another prominent example of a wholly hypothetical syllogism from the Analyt-
ics that Theophrastus would have been concerned to theorize is the following:2°

otav yop Toudl évtog heuxod tol A Todl dvdyxn péya evon 10 B,
peydhou de ol B évtog 10 I' un Aeuxdy, dvdyxr, el 10 A Aeuxdv,
0 I' un ebvan heuxdv. (Arist. Pr. An. 2. 4, 57b6-9; similarly,
57b11-13)

Whenever, if this, A, is white, it is necessary for that, B, to be
large, and if B is large, it is necessary for C not to be white, then,
if A is white, it is necessary for C' not to be white.

The argument here given is:

But the relative clause ‘what is a man’ is not an adequate translation of Aristotle’s genitive-
absolute phrase dvdphnov évtoc (see Ebrey, ‘No Conditionals’, 190 n. 12; Edelhoff, Ontological
Priority, 21-2). For, this phrase does not contain a relative pronoun and Aristotle gives no
indication that it is meant to include an implicit subject. In general, it would be unnatural to use
a genitive-absolute participle when the subject of the participle is co-referential with the accusative
subject of the superordinate clause (even though there are exceptions to this rule). This suggests
that évtoc and €lvou in Aristotle’s phrase should not be construed as two-place copulae, but as
one-place verbs; pace S. Bobzien, ‘Peripatetic Conditionals’, Phronesis, (2025), 1-31 at 17 n. 33.

16év0890u uev évtog ot Lgov, Lpou B¢ dvtoc oux avdyxn évudpov elvan, Cat. 13, 15a6-7. See
Ackrill, Cat.& De int., 40.

17ﬁw’.csoc évtoc dimhdoioy eotw, Cat. 7, TblT; see Ackrill, Cat.& De int., 21; M. Duncombe,
Ancient Relativity: Plato, Aristotle, Stoics, and Sceptics (Oxford, 2020) at 107-9. Aristotle goes
on to note that ‘these mutually destroy each other; for if double is not, half is not, and if half is
not, double is not’ (xol cuvovoupel 3¢ Tabta EAANAa un Yde dvtog dimhaciov olx oty o, xol
fulogog un 6vtog o0x €ott dumhdotov, 7Tb19-21). That Aristotle here speaks of ‘mutual destruction’
(ouvavoupelv) further confirms that the conditionals in question pertain to the existence of the
items under consideration (Edelhoff, Ontological Priority, 34-40). See also EE 7. 1, 1235a27-8;
De caelo 1. 7, 276a10; ps.-Arist. Divisiones Aristotelis 65, 64. 15-24 Mutschmann.

1850ety UEV vdp Svtwv dxoloudel eDVUC TO Ev elval, Evoc 8¢ dvtoc olx dvayxoiov dvo elvan, Cat.
12, 14a31-2. See C. Y. Panayides, ‘Aristotle on the Priority of Actuality in Substance’, Ancient
Philosophy, 19 (1999), 327-44 at 329; U. Coope, Time for Aristotle: Physics IV.10-14 (Oxford,
2005) at 91 n. 14; S. Menn, ‘Aporiai 13-14’, in M. Crubellier and A. Laks (eds.), Aristotle’s
Metaphysics Beta: Symposium Aristotelicum (Oxford, 2009), 211-66 at 217 n. 6.

19Edelhoff7 Ontological Priority, 25-7.

20Berka, ‘Schliisse xat’ dvohoyiov’, 955; id., Vyrokovd logika v antice, 18. See also ps.-Philop.
In An. Pr. 413. 8-13 and 21-4; Lukasiewicz, Syllogistic, 49; Mréz, Implikace, 62—4.
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If A is white, B is large
If B is large, C is not white
Therefore:  If A is white, C is not white

Aristotle describes this argument as coming about ‘through three’ (8 tpL&v, 57b17),
a phrase often used by Alexander and others to characterize wholly hypothetical
syllogisms.?! But the conditionals in this wholly hypothetical syllogism cannot be
rendered in the form If it is A, it is B or If anything is A, it is B, since their
antecedent and consequent do not share the same subject. In fact, the diversity of
subject and predicate terms employed by Aristotle, as well as the free use of both
affirmative and negative propositions in this example, seem designed to indicate
that any categorical propositions can serve as the antecedent and consequent of a
conditional in a wholly hypothetical syllogism.??

Given that the conditionals which appear in Aristotle’s own examples of wholly
hypothetical syllogisms are not of the form If it is A, it is B or If anything is A,
it is B, it is unreasonable to suppose that Theophrastus would have limited his
attention to conditionals of this form. For, had he done so, he would be incapable
of accounting for the very examples from which his own theory presumably drew
its initial inspiration.

Another important source of insight into Theophrastus’ theory of wholly hypo-
thetical syllogisms is Alexander’s commentary on the Prior Analytics. Alexander’s
exposition of wholly hypothetical syllogisms in this treatise begins:

ot 8¢ OV HAwV LToVETIXOC ToloUTOC!
el o At B
ettoBtw T
eldpa 0 Ao
00TV Yap ol O cuunépoaopa UnodeTindy: olov
el dvipwnde Eott, {E6V EoTiv
el {6y Eotw, olola Eotly

21For the use of B Tewev to describe wholly hypothetical syllogisms, see Alex. Aphr. In An.
Pr. 326. 89 = 113A FHS&G, 348. 10-12, 374. 24, 390. 18-19, Philop. In An. Pr. 243. 15-17;
On All the Kinds of Syllogism, ed. Barnes and Morison, Institutio logica i, 116. 6-7. Aristotle uses
the phrase d& Tp&v dpwv to describe categorical syllogisms (Pr. An. 1. 25, 41b36, 42a31; Post.
An. 1. 19, 81b10; 1. 25, 86b7). In view of this, Maier, Syllogistik 1i/1, 261 n. 1 argues that 8i&
TEdv at 57b17 is a later interpolation, since the three items under consideration in this passage are
not terms of the sort that figure as subjects and predicates of categorical propositions, but whole
propositions that figure as antecedents and consequents of conditionals. This argument, however,
is not persuasive, for Aristotle elsewhere refers to the propositions appearing in a conditional as
‘terms’ (6pot, Pr. An. 2. 2, 53b16; Post. An. 1. 3, 72b35; see nn. 36 and 37).

Maier, Syllogistik 4i/1, 284 n. 3 may well be right that 8& tei@v at 57bl7 is a reference to
Theophrastus’ theory of wholly hypothetical syllogisms (similarly, ps.-Philop. In An. Pr. 413.
8-24). But, even so, this does not mean that this phrase was not written by Aristotle, for there
are other passages in the Prior Analytics that reflect a direct engagement on Aristotle’s part with
Theophrastus’ logical theory (see P. M. Huby, ‘Did Aristotle Reply to Eudemus and Theophrastus
on Some Logical Issues?’, in I. Bodndr and W. W. Fortenbaugh (eds.), Eudemus of Rhodes (New
Brunswick, 2002), 85-106). Thus, for example, the concluding paragraph of Pr. An. 2. 5-7
(59a32-41, introduced by @oavepodv obv étt at 59a32) contains explicit references to Theophrastus’
theory of prosleptic syllogisms (M. Malink, ‘Figures of Prosleptic Syllogisms in Prior Analytics
2.7, Classical Quarterly, 62 (2012), 163—78 at 174-8). It is, therefore, not unreasonable to suppose
that the concluding paragraph of Pr. An. 2. 2-4 (57a36-b17, introduced by @oavepov obv dtu at
57a36) would contain references to his theory of hypothetical syllogisms.

22Mré,z7 Implikace, 62.
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el dpo dvipwnodc Eoty, ovola Eotiv
(Alex. Aphr. In An. Pr. 326. 20-5 = 113B FHS&G)
A wholly hypothetical syllogism is as follows:

If A then B
If B then C
Therefore, if A then C

In these syllogisms, the conclusion is hypothetical as well, as in:

If man is, then animal is
If animal is, then substance is
Therefore, if man is, then substance is

The text of this passage indicates that the schematic letters ‘A’, ‘B’, and ‘C’ are
intended to stand for entire propositions, each containing an occurrence of the verb
i5.23 Despite this, however, some scholars maintain that the schematic letters here
do not stand for propositions but for terms such as man, animal, and substance.?*
In support of this view, they point to subsequent passages in which Alexander omits
the verb is:

elyop o At

etto T ob 10 B

el dpa 10 A 00 0 B

o
oloy

[Q]

{ dvdpwnoc, {iov

el AMdocg, o0 {Hov

{ dipa Bvipwrog, 00 Aldog

(Alex. Aphr. In An. Pr. 327. 11-13; similarly, 327. 17-20)
If A then C
If C then not B
Therefore, if A then not B

An example is:

(@]

If man, then animal
If stone, then not animal
Therefore, if man, then not stone

But once it has been made clear by Alexander’s initial example in the earlier passage
that the letters stand for propositions, there is a strong presumption that they
should do so in later passages as well. It is, therefore, most natural to interpret the

23Barnes, ‘Terms and Sentences’, 290; I. Mueller, Alexander of Aphrodisias: On Aristotle
Prior Analytics 1.23-31 [Alezander 1.25-31] (London, 2006) at 14. See also Diirr, Boethius, 48;
Berka, Virokovd logika v antice, 18-19; Mraz, Implikace, 64.

24Bocheﬁski, Formale Logik, 119; L. Obertello, A. M. Severino Boezio: De hypotheticis syl-
logismis [Boezio: De hyp. syl.] (Brescia, 1969) at 25; Ebert, Dialektiker, 17 n. 16; Bobzien,
‘Wholly Hypothetical Syllogisms’, 115-23; ead., ‘Why the Order of the Figures of the Hypotheti-
cal Syllogisms Was Changed’ [‘Order of Figures’], Classical Quarterly, 50 (2000), 247-51 at 248;
Striker, Prior Analytics I, 215.

25Here7 Alexander uses the contrapositive of If B then not C, which the second premise of the
example instantiates (see Mueller, Alezander 1.23-31, 151 n. 257).
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expressions instantiating these letters in the present example as abbreviations for
propositions in which the verb is has been dropped.?%

Note that the second premise of the present example, If stone, then not animal,
if read existentially as expressing the claim If a stone exists, then no animal exists,
would be false. But since Alexander presumably intended the premises of his exam-
ple to be true, such a reading is implausible.?” Instead, the more natural reading
is a predicative one in which the premise asserts of a tacit subject: If it is a stone,
it is not an animal®® Crucially, the fact that Alexander here gives a predicative
example of a wholly hypothetical syllogism should not be taken to imply that he
took all wholly hypothetical syllogisms to be of this form. Instead, his choice of
example appears to be motivated, in part, by the presentational desideratum that
the premises of the example be clearly recognizable as true. If the premises are of
the form If ¢ then 1, this can easily be achieved by using simple existential propo-
sitions, such as Man is and Animal is—as Aristotle did with his original example
of a wholly hypothetical syllogism. But if a premise is of the form If ¢ then not 1,
true existential instantiations are not so readily available since it is difficult to find
real-world examples in which the existence of one kind excludes that of another.
Instead in these cases predicative examples, such as If it is a stone, it is not an
animal, more naturally recommend themselves. By contrast, such predicative ex-
amples are less suitable for premises of the form If not ¢ then 1. For it is not easy
to find concrete examples in which the absence of one positive attribute in an oth-
erwise unspecified subject entails the presence of another. Instead, in these cases,
one might take recourse to examples which lack a genuine predicative structure,
such as If it is not day, it is night.

In light of the various challenges involved in finding manifestly true conditionals
of the appropriate form, it is not surprising that Peripatetic logicians would de-
ploy different types of example depending on the specific form they were trying to
instantiate. Such variety can be clearly seen, for example, in Ammonius’ character-
ization of hypothetical propositions, which is representative of the early Peripatetic
tradition going back to Theophrastus:2?

brodetinol bt 10l onuaivovtog tivog Gvtog T €0Tv 1] 0Ux EoTuy, 1)
tivog un) 6vtog Tl EoTwv 1) 00x EoTiv, ¢ GTay elnwyuey el dvipwndc €ott,
xoll {856V Eotwy, el dvipwnoc Eott, Mbog olx Eotuy, el un Eotv Nuépa,

26 pgce Ebert, Dialektiker, 17 n. 16 and Bobzien, ‘Wholly Hypothetical Syllogisms’, 122 n.
80, who suggest that the formulations at 327. 11-20 are more authoritative than those at 326.
20-5 regarding the question of what the schematic letters stand for. It is difficult to see how this
suggestion might be justified, for it is more plausible that Alexander’s initial formulation at 326.
20-5, in which the topic of wholly hypothetical syllogisms is first introduced, better reflects his
considered view on this point.

27Barnes7 ‘Terms and Sentences’, 292.

28These considerations do not speak in favor of a predicative reading of Alexander’s initial
example at 326. 20-5. For, in that example, the premises are true on both an existential and
a predicative reading. At the same time, the considerations adduced (n. 15) in support of an
existential reading of Aristotle’s example from Pr. An. 1. 32 also do not apply, since Alexander
does not use a genitive-absolute formulation of the conditional. Hence, we remain neutral as to
whether an existential or a predicative reading of Alexander’s initial example is to be preferred.

29For the early Peripatetic origins of Ammonius’ account of hypothetical propositions, see S.
Bobzien, ‘Some Elements of Propositional Logic in Ammonius’ [‘Ammonius’], in H. Linneweber-
Lammerskitten and G. Mohr (eds.), Interpretation und Argument (Wiirzburg, 2002), 103-19 at
103 n. 2, 109 n. 19, 117-18; ead., ‘Galen’, 61 n. 9.
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VOE €otw, el i) Eoty fiuépa, oux €otwy filtog Unep yHiv (Ammon. In

Int. 3. 11-15)

A hypothetical proposition is that which signifies what is or is not

if something®’ is, or what is or is not if something is not, as when

we say If it is a man, it is also an animal, If it is a man, it is not

a stone, If it is not day, it is night, or If it is not day, the sun is

not above the earth.

Thus, while Alexander and Ammonius employed a variety of conditionals in their
examples, including predicative conditionals such as If it is a man, it is not a
stone, their reasons for doing so were largely presentational. It would therefore
be wrong to conclude from any one of these examples that the Peripatetic theory
of hypothetical propositions was intended to be restricted to examples of just this
sort. Instead, the variety of examples utilized by Ammonius illustrates the wide
scope of his general characterization of such propositions as those signifying ‘what
is or is not if something is (or is not)’. Likewise, in the case of Alexander’s generic
formulation If A then B, this variety indicates that the letters ‘A’ and ‘B’ may
stand for any propositions, be they existential, predicative, or otherwise.

Now, it is true that Alexander describes the schematic letters appearing in his
formulation of wholly hypothetical syllogisms as standing for ‘terms’ (6pot, 327.
9). His further discussion makes it clear, however, that these terms are not those
that standardly appear as subjects and predicates of categorical propositions, but
instead are propositions themselves. Take, for example, Alexander’s diagnosis of the
following apparent counterexample to the validity of wholly hypothetical syllogisms
(374. 23-9):3!

If nothing is, then neither is there night
If it is not night, it is day
Therefore:  If nothing is, it is day

In order to expose the fallacy in this argument, Alexander writes that ‘one must take
the term Neither is there night as the antecedent term of the second conditional’,
thereby rendering the conditional false.3? For present purposes, what is important
to note is that Alexander here takes the ‘terms’ of a wholly hypothetical syllogism
to be entire propositions, such as It is not night and Neither is there night. Bobzien
suggests that this propositional use of ‘term’ in Alexander is due to ‘Stoic (or later
propositional-logical) influence’.?®> There is, however, no independent evidence for
this suggestion. On the contrary, the use of ‘term’ (8poc) to refer to propositions is
well attested in the Peripatetic tradition, even in Aristotle.>* For example, in the

30For readability, we render the interrogative pronoun tivoc here and in similar double interrog-
ative conditional constructions by the indefinite pronoun ‘something’; see Bobzien, ‘Ammonius’,
110; D. Blank, Ammonius: On Aristotle On Interpretation 1-8 (London, 2013) at 12. Cf. J.
Barnes and B. Morison, Galen: Introduction to Logic, vol. ii: Commentaries [Institutio logica
i) (Oxford, 2026) at 359-60.

31 Alexander calls this argument du& Teedv (374. 24), one of his standard labels for wholly
hypothetical syllogisms (see n. 21).

32y 01 tiic deutépac cuvexelac Bpov Hyobuevov hauBdvety tov &l unds VO éotw, In An. Pr. 374.
27-8.

33Bobzien, ‘Wholly Hypothetical Syllogisms’, 130.

343ee Barnes and Morison, Institutio logica i, 509. Pace Bobzien, ‘Wholly Hypothetical
Syllogisms’, 127-35.
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Analytics Aristotle describes wholly hypothetical syllogisms as arguments involving

‘three terms’:3®

TEWEY Spwv tedéviwy ... 6tav ydp tob A Gvtog €€ dvdyxne 1} o B,
to0tou 8¢ 10 T, 10D A 6vtog éotan 0 I'. (Arist. Post. An. 1. 3,
72b35-9)

Three terms are posited ...: when, if A is, necessarily B is, and if
this is, necessarily C' is, it will follow that, if A is, C is.

It is clear from the context that the terms referred to by Aristotle in this passage,
A, B, and C, are propositions.36 The same use of ‘term’ appears in the Prior
Analytics (2. 2, 53b16).37 Thus, the designation ‘term’, as used by Aristotle in the
Analytics, is not limited to sub-propositional constituents of propositions, but is
also sometimes applied to propositions themselves when these serve as antecedents
or consequents of conditionals. This flexibility reflects the fact that Aristotle’s use
of ‘term’ in the Analytics derives, not from the syntactic analysis of propositions,
but from abstract diagrammatic representations which were employed in ancient
harmonics and proportion theory.?® In the context of these abstract representations,
a ‘term’ (8poc) is simply an endpoint of a one-dimensional interval which represents
its two endpoints as standing in a certain relation to one another.?® Depending
on what kind of relation is under consideration, the terms of the interval may be,
among other things, musical notes (Plato, Phileb. 17 D 1), two objects standing in a
mathematical proportion (Arist., NE 5. 3, 1131b5-16), the subject and predicate of
a categorical proposition—and, as we have just seen, the antecedent and consequent
of a conditional. Thus, when Alexander refers to the propositional constituents of
conditionals as ‘terms’, and when Galen does the same (Inst. log. 6. 4), they are
simply following Aristotle’s precedent.*® In so doing, they are no more innovating
on the meaning of ‘term’ than is the musician or geometer when each speaks of an
‘interval’.

It seems clear, then, that Alexander took the schematic letters appearing in his
formulation of wholly hypothetical syllogisms to stand, not for sub-propositional

35This passage contains one of the three main statements of wholly hypothetical syllogisms in
the Analytics, along with Pr. An. 1. 32, 47a28-31, and 2. 4, 57b6-13 (Mrdz, Implikace, 62-4).

36Philop. In Post. An. 50. 23-51. 4; J. Zabarella, Opera logica (Frankfurt a.M., 1608)
at 692F; Ross, Analytics, 515; Primavesi, Topik B, 163 n. 35; J. Barnes, Aristotle: Posterior
Analytics, 2nd edn. [Posterior Analytics] (Oxford, 1993) at 108; M. Malink, ‘Aristotle on Circular
Proof’, Phronesis, 58 (2013), 215-48 at 218-19. This is corroborated by parallel passages in which
Aristotle states that the letters ‘A’ and ‘B’ in constructions of the form toU A &vtog dvdyxn o
B €lvau stand for propositions (Pr. An. 1. 15, 34al6-24; 2. 2, 53b16-24; see n. 49). Pace
Bobzien, ‘Peripatetic Conditionals’, 23 n. 45, who rejects the traditional reading of Post. An. 1.
3, 72b35-9, and denies that Aristotle’s argument in this passage is about propositions.

37See N. Strobach, Aristoteles: Analytica Priora, Buch II (Berlin, 2015) at 233.

38p, Cauer, ‘Terminologisches zu Platon und Aristoteles’, Rheinisches Museum fiir Philologie
NF, 73 (1920), 161-73 at 169-73; B. Einarson, ‘On Certain Mathematical Terms in Aristotle’s
Logic: Parts I and II’, The American Journal of Philology, 57 (1936), 33-54 and 151-72 at 35
n. 12a and 151-9; R. Smith, ‘The Mathematical Origins of Aristotle’s Syllogistic’, Archive for
History of Ezxact Sciences, 19 (1978), 201-9 at 202; id., ‘The Syllogism in Posterior Analytics I’,
Archiv fir Geschichte der Philosophie, 64 (1982), 113-35 at 123-4.

39According;ly7 in his syllogistic theory Aristotle often refers to categorical propositions as
intervals (Siaocthuota); Pr. An. 1. 4, 26b21; 1. 15, 35a12 and 35a31; 1. 18, 38a4; 1. 25, 42b9-10;
2. 2, 53b20; Post. An. 1. 21, 82b7-8; 1. 22, 84a35; 1. 23, 84bl4.

40For this use of dpoc in Galen, see J. Stakelum, Galen and the Logic of Propositions [Galen]
(Rome, 1940) at 46; Barnes and Morison, Institutio logica i, 509.
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constituents, but for entire propositions. Does this mean that the same can be said
of Theophrastus? We do know that Alexander engaged directly with the works of
Theophrastus in which he discussed wholly hypothetical syllogisms, and also that,
where Alexander’s exposition of this subject departs from Theophrastus’ theory, he
notes the disagreement.*! So, if Theophrastus differed from Alexander in taking the
schematic letters in the formulation of wholly hypothetical syllogisms to stand not
for propositions but for sub-propositional constituents, one would expect Alexander
to make note of so glaring a departure from Theophrastus’ original doctrine. In
fact, however, Alexander mentions no such difference, but simply takes it for granted
that the terms of a wholly hypothetical syllogism are propositions.

The same view of wholly hypothetical syllogisms is evinced in an anonymous
scholium edited by Waitz, a text which is generally taken to report an early Peri-
patetic account of hypothetical syllogisms that can be traced back to Theophras-
tus.*> The author of this scholium formulates wholly hypothetical syllogisms as
follows: If A then B, if B then C, if A then therefore C.*> Bobzien claims that
the schematic letters here do not stand for propositions but for sub-propositional
terms such as man, animal, and walking, and that the conditionals appearing in the
scholium are to be read If anything is A, it is B.** This reading, however, comes
with significant interpretive costs. For, after providing the schematic formulation
of wholly hypothetical syllogisms, the scholiast proceeds to give several examples
of such syllogisms which, as Bobzien concedes, are not readily amenable to her
reading, such as:%°

If it is day, it is light
If it is light, the visible things are seen
Therefore:  If it is day, the visible things are seen

To account for these examples, Bobzien suggests that, while most of the scholium
reports early Peripatetic material, the problematic examples are possibly a ‘later
interpolation’ from a different source.*® But if this were the case, the text of the
scholium would be incoherent since the examples are clearly intended to be instances
of the schematic formulations that immediately precede them.

41For example, Alexander notes that his own ordering of the three figures of wholly hypothetical
syllogisms differs from the order adopted by Theophrastus; In An. Pr. 328. 2-5 = 113B FHS&G.
See Berka, ‘Schliisse xat” dvahoyiov’; Bobzien, ‘Order of Figures’.

42Waitz, Organon, i. 9-10. P. M. Huby, ‘A Neglected Fragment of Peripatetic Logic’, Liverpool
Classical Monthly, 4 (1979), 207-10 at 207 suggests that this scholium ‘may be the work of
Theophrastus himself’. S. Bobzien, ‘A Greek Parallel to Boethius’ De hypotheticis syllogismis’
[‘Parallel to Boethius’], Mnemosyne, 55 (2002), 285-300 at 300 argues that ‘there are several
elements of early Peripatetic hypothetical syllogistic preserved in it’.

43¢t 15 &, o B el 0 B, t ¥ &l 10 3¢ &, dpo O ¥, Waitz, Organon, i. 9 = Bobzien, ‘Parallel to
Boethius’, 287, §5.

44Bobzien, ‘Parallel to Boethius’, 292 and 295. As Bobzien notes, throughout the scholium,
the schematic letters in the formulations of hypothetical syllogisms are described as standing for
‘terms’ (Spot, Waitz, Organon, i. 9 = Bobuzien, ‘Parallel to Boethius’, 287, §1 and §4). But, as
we have just seen, it is well-established Peripatetic practice to use ‘term’ to refer not only to
sub-propositional constituents of propositions, but also to entire propositions when these appear
as antecedents and consequents of conditionals.

45Waitz, Organon, i. 10 = Bobzien, ‘Parallel to Boethius’, 288 and 290-1, §10.

46B0bzien, ‘Parallel to Boethius’, 299-300; see also ead., ‘Wholly Hypothetical Syllogisms’,
131.
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To support her non-propositional reading of the schematic letters appearing in
the scholium, Bobzien points to the scholiast’s use of the phrase pn ot 8¢ 10 .47
She takes this phrase to mean it is not B, where B is a sub-propositional term
predicated of an implicit subject. This reading, however, does not sit well with
the presence of the definite article t6, which speaks against construing B as the
predicate of a copula construction.*® Instead, the phrase is better translated as B
is not, where is not is a one-place predicate expressing that the proposition B does
not hold or that it is false. This usage is well attested in the Peripatetic tradition.
Consider, for example, Aristotle’s statement of the law of contraposition:

el yop 00 A dvtog avdyxn 1o B eivan, 1ot B un vtog dvdyxn 0 A
uf elvon. (Arist. Pr. An. 2. 2, 53b12-13)

If it is necessary for B to be if A is, then it is necessary for A not
to be if B is not.

Aristotle emphasizes that, in these phrases, the letters ‘A’ and ‘B’ stand for propo-
sitions (53b16-24).%° Accordingly, when Aristotle writes ‘it is necessary for A not
to be if B is not’, he means that, if the proposition B does not hold, the proposition
A does not hold. Likewise, Alexander and pseudo-Philoponus use phrases such as
‘A is not’ in a propositional sense to express that a proposition A does not hold.?°
When we follow this Peripatetic precedent and adopt a propositional reading for the
schematic letters in Waitz’s scholium, the text is rendered fully coherent, without
any need to dismiss the examples given by the scholiast as a later interpolation.
If Bobzien were right that Theophrastus’ theory of wholly hypothetical syllogisms
deals with universally quantified conditionals of the form If anything is A, it is B,
one should expect the same kind of conditional to figure in Theophrastus’ theory of
mixed hypothetical syllogisms as well. There is, after all, no reason to suppose that
the one theory concerns a different kind of hypothetical proposition than the other.
Accordingly, Bobzien suggests that, in Theophrastus’ theory of mixed hypothetical
syllogisms, arguments of the form If A then B, but A, therefore B should not be
construed as instances of modus ponens—as a propositional reading would have

it—but instead as quantificational arguments of the form:°*

For any x, if x is A then x is B
cis A
Therefore: ¢ is B

Note that, in such arguments, the categorical premise, ¢ is A, differs from the
antecedent of the quantified conditional, x is A. By contrast, in arguments of the
form modus ponens the categorical premise is identical with the antecedent of the
conditional. The early Peripatetics drew a sharp distinction between these two

47B0bzien, ‘Parallel to Boethius’, 295. The phrase appears in Bobzien’s §3 of the scholium.

481f B were intended as the predicate of a copula construction, it would be more natural for it to
appear without the definite article. Thus, for example, Aristotle omits the article in constructions
of the form ‘everything which is A is either B or C’ (6 v ff A, &nav €ivar 4 B 7| I') and ‘every D
will be either B or C” (10 A 4 B 7 " &rav €otou, Pr. An. 1. 31, 46b6-10).

493ee n. 36. More precisely, he states that, in constructions of the form to0 A &vtog avdyxn
0 B €lvau, the letter ‘A’ stands for a plurality of propositions (Pr. An. 1. 15, 34al6-24; 2. 2,
53b16-24, Post. An. 1. 3, 73a7-11); cf. n. 198.

50E.g.7 Alex. Aphr. In An. Pr. 177. 10, ps.-Philop. In An. Pr. 392. 21-6.

51B0bzien, ‘Wholly Hypothetical Syllogisms’, 381; ead., ‘Galen’, 59; ead., ‘Ancient Logic’, in
E. N. Zalta (ed.), The Stanford Encyclopedia of Philosophy (Summer 2020 edn.), at §§3. 3—4;
pace ead., ‘Wholly Hypothetical Syllogisms’, 122 n. 80.
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cases, referring to premises of the latter sort as ‘metaleptic’ and to those of the
former sort as ‘prosleptic’:

Blapépety 8¢ Soxel xatd Tolg dpyaloug 1o petohauBavouevov Tob npo-
ohopfavouévou. €@ @BV PEV Yap €V Tolc elhnuuévolc Eyxeltal Te %ol
gotl 1O AopPBavouevoy, ... Eml To0Twy 1O Aopfavouevov petohapSo-
VOUEVOY EaTiv 00 Ydp EEwldev mpootidetal . . . tpochauBavouevoy B¢
Aéyouoty, €@ v tolg xewwévolg EEwdév Tl npootideton duVANEL g Ev
a0 Tolg MEPLEYOUEVOVY 00 UNV Evepyela, Mg Eyel Eml TGV xotd Tpdohniy
YWOUEVWY GUNNOYIOUESV €V Yap 6 ‘xad’ ol 10 B, xat’ éxelvou 10 A,
xatd 8¢ to0 I' 10 B, €€wldev 10 ‘xotd 8¢ 10D I' 10 B’ npoceiinmnron
oU yap €xeito évepyela év Tf] mpotdoet Tij ‘xad” ol 10 B, xot’ éxelvou
10 A’. (Alex. Aphr. In An. Pr. 263. 26-264. 5 = 112A FHS&G)
According to the ancients, a metaleptic assumption differs from
a prosleptic one. When the assumption appears as a constituent
in the other premises and is present in them, ...it is metaleptic,
for it is not added from outside ...But they speak of a ‘proslep-
tic’ assumption when something is added from outside to the other
premises, which is contained in them in a way potentially, but not
in actuality, as is the case with prosleptic syllogisms. For, when we
say Of whatever B is said, of that A is said, but B is said of C,
the proposition B is said of C has been assumed additionally from
outside; for it was not present in actuality in the proposition Of
whatever B is said, of that A is said.

In arguments of the form modus ponens, the categorical premise is metaleptic, since
it is present in actuality as the antecedent of the conditional premise. By contrast,
the proposition B is said of C' is only potentially contained in the quantified propo-
sition Of whatever B is said, of that A is said, and hence is a prosleptic premise in
the argument deducing the conclusion A is said of C. Arguments of this form were
studied by Theophrastus, who called them ‘prosleptic’ syllogisms.?? Theophrastus’
theory of prosleptic syllogisms was distinct from his theory of mixed hypothetical
syllogisms, and the sources are clear that the early Peripatetics referred to the cat-
egorical premise of a mixed hypothetical syllogism not as a prosleptic assumption
but as a metaleptic one.’® This suggests that the hypothetical premise of a mixed
hypothetical syllogism is not a quantified conditional. For, if it were, the cate-
gorical premise of this syllogism would, in Theophrastus’ own terminology, not be
metaleptic but prosleptic.

52110A-D FHS&G; see C. Lejewski, ‘On Prosleptic Syllogisms’, Notre Dame Journal of For-
mal Logic, 2 (1961), 158-76 at 158-60; W. Kneale and M. Kneale, ‘Prosleptic Propositions and
Arguments’, in S. M. Stern, A. Hourani, and V. Brown (eds.), Islamic Philosophy and the Classical
Tradition (Oxford, 1972), 189-207 at 190-3.

53Alex. Aphr. In An. Pr. 19. 4-5, 262. 6-9, 324. 16-18, ps.-Ammon. In An. Pr. 67. 16-20,
68. 8-13, Philop. In An. Pr. 242. 34-243. 10 = 111B FHS&G; cf. S. Bobzien, ‘Alexander of
Aphrodisias on Aristotle’s Theory of the Stoic Indemonstrables’ [‘Alexander’], in M.-K. Lee (ed.),
Strategies of Argument: Essays in Ancient Ethics, Epistemology, and Logic (New York, 2014),
199-227 at 217-20. As an example of an argument containing a metaleptic assumption, Alexander
provides the following mixed hypothetical syllogism of the form modus ponens: If it is day, it
is light, it is day, therefore it is light (263. 30—6 = 112A FHS&G). Given that the hypothetical
premise of this syllogism is not amenable to predicative readings of the form If it is A, it is B
or If anything is A, it is B, this indicates that Alexander did not take Theophrastus’ theory of
mixed hypothetical syllogisms to be restricted to hypothetical propositions of this form.
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Theophrastus developed his theory of mixed hypothetical syllogisms in response
to Aristotle’s discussion of what he called syllogisms ‘from a hypothesis’ (¢€ Uro-
Yéoewe). While Aristotle promised to give a comprehensive account of the various
kinds of syllogisms from a hypothesis (Pr. An. 1. 44, 50a39-b2), he never made
good on that promise, and Theophrastus put forward his theory as part of an at-
tempt to do so in his stead.?® In particular, Theophrastus took his theory of mixed
hypothetical syllogisms to capture syllogisms from a hypothesis based on similarity,
as described by Aristotle in the Topics:>®

1 8¢ 1ol ouolouv Yewpla yerowoc mpoc ... toug €€ Lnodéoews oUA-
hoyiopolce, SoTL EvBoEdv Eotty, &g moTe €@ Evog THV Opolwv Exe,
oUTWE %ol €Ml TV Aoy, (BoTe TPOS 6 TL AV aUTEY e0TOPGUEY BLo-
Myeodan, mpodlogoroynodueda, &g mote €l tolTwV Exetl, oltw ol
éml oD mpoxetuévou Eyewy. delavteg Be Exelvo ol TO Tpoxelyevoy €€
bnodéoene dedelydteg Ecdpedor Umodéuevol Ydp, ¢ tote £nl To0TwY
€xeL, oUTw ol Eml ToU mpoxewévou Exewy, Ty anodelly nemotfueda.
(Arist. Top. 1. 18, 108b7-19)

The examination of similarity is useful for ...syllogisms from a
hypothesis, since it is commonly accepted that, among similars,
however things are with one, so they are with the others. So, if
we are in a good position to argue about any one of them, we will
make an advance agreement to the effect that, however things are in
these cases, so they are in the case under consideration. And when
we have proved the former, we will also have proved the thesis in
question. For we have hypothesized that, however things are in
these cases, so they are in the case under consideration, and based
on this we have produced the proof.

The syllogism from a hypothesis described in this passage is based on an agreement
to the effect that, since A is similar to B, if one can prove that A has a given
property, C, the interlocutor will grant that B has that same property. In the
framework of Theophrastus’ theory of mixed hypothetical syllogisms, this agree-
ment presumably underwrites arguments of the form modus ponens in which the
relevant conditional is If A is C, then B is C.°® Since the subject terms A and B
are distinct, Theophrastus’ theory of mixed hypothetical syllogisms would have dif-
ficulty accounting for this sort of argument were it limited to conditionals in which
the antecedent and consequent share an implicit subject. It is therefore unreason-
able to suppose that Theophrastus would have limited himself to such conditionals.
For, had he done so, his theory of mixed hypothetical syllogisms would be incapable
of accounting for prominent examples of Aristotle’s syllogisms from a hypothesis.
Taken together, then, the sources pertaining to Theophrastus’ theory of hypo-
thetical syllogisms, while varied and fragmentary, lend strong support to the view
that this theory was intended to cover all conditionals of the form If ¢ then 1,

54 Alex. Aphr. In An. Pr. 389. 31-390. 3 = 111E FHS&G; see Barnes, ‘Theophrastus’,
557—74; S. Bobzien, ‘Pre-Stoic Hypothetical Syllogistic in Galen’s Institutio logica’ [‘Pre-Stoic’],
Bulletin of the Institute of Classical Studies, (2002), 57-72 at 64-71; ead., ‘Modus ponens’, 377—
85; P. Fait, ‘Aristotle and Theophrastus’, in L. Castagnoli and P. Fait (eds.), The Cambridge
Companion to Ancient Logic (Cambridge, 2023), 37-56 at 52.

55Bobzien, ‘Modus ponens’, 367—8.

565ee (. Striker, ‘Aristoteles iiber Syllogismen “Aufgrund einer Hypothese”’, Hermes, 107
(1979), 33-50 at 48-9.
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where ¢ and v are any categorical propositions. Claims to the contrary tend to err
in overgeneralizing from particular examples and failing to take proper account of
the full range of conditionals the early Peripatetics took to fall within the purview
of their theory. Theophrastus’ theory can thus be viewed as a genuine logic of
propositions. Even so, however, serious questions remain as to its internal coher-
ence and viability. In particular, as we shall see, such questions arise when we
consider Theophrastus’ programmatic ambition to reduce the theory of hypothet-
ical syllogisms to the underlying framework of Aristotle’s categorical syllogistic.

2. THE PERIPATETIC PROGRAM

Aristotle’s theory of the categorical syllogism deals primarily with the following
four kinds of proposition:

AaB A holds of all B

AeB A holds of no B

AiB A holds of some B

AoB A does not hold of some B

In the opening chapters of the Prior Analytics, Aristotle investigates simple cat-
egorical syllogisms which he divides into three figures according to the internal
arrangement of their terms. He theorizes these syllogisms by means of a deductive
system based on the following first-figure moods and conversion rules:

AaB, BaC F AaC (Barbara)
AeB, BaC' - AeC (Celarent)
AeB \ BeA (e-conversion)
AaB F BiA (a-conversion)

These principles, together with Aristotle’s method of reductio ad impossibile, suffice
to derive all the categorical syllogisms countenanced in the Prior Analytics.®”

Theophrastus’ theory of hypothetical syllogisms extends Aristotle’s categorical
syllogistic so as to cover arguments involving conditionals, such as wholly hypo-
thetical syllogisms of the form:

If p then ¢, If ¢ then x + If v then x

Following Aristotle’s tripartite division, Theophrastus classified wholly hypothetical
syllogisms into three figures based on the internal arrangement of their constituent
propositions.”® As noted by Alexander, Theophrastus’ classification turned on a

57See Pr. An. 1. 7, 29b1-25; 1. 23, 41b3-5. In addition to reductio ad impossibile, Aristotle
also employs the method of proof by ecthesis whereby a new term is introduced as witness to
an i- or o-proposition. There is, however, reason to think that Theophrastus was sceptical of
this latter method and sought to avoid it, in several cases replacing Aristotle’s proofs by ecthesis
with alternative non-ecthetic proofs (Alex. Aphr. In An. Pr. 31. 4-10 and 34. 13-15 = 90A
FHS&G, 123. 18-24 = 104 FHS&G; Philop. In An. Pr. 48. 12-18 = 90B FHS&G); see G.
Patzig, Aristotle’s Theory of the Syllogism: A Logico-Philological Study of Book A of the Prior
Analytics |Theory of the Syllogism] (Dordrecht, 1968) at 157; M. Mignucci, ‘Theophrastus’ Logic’,
in J. M. van Ophuijsen and M. van Raalte (eds.), Theophrastus: Reappraising the Sources (New
Brunswick, 1998), 39-65 at 45-6; P. M. Huby, Theophrastus of Eresus: Sources for his Life,
Writings, Thought and Influence. Commentary, vol. ii: Logic (Leiden, 2007) at 54 and 107.

58Alex. Aphr. In An. Pr. 326. 8-328. 5 = 113A-B FHS&G, Philop. In An. Pr. 302.
6-19 = 113C FHS&G; cf. Barnes, ‘Terms and Sentences’, 297—8; Bobzien, ‘Wholly Hypothetical
Syllogisms’, 102-11.
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certain analogy that he took to obtain between conditionals and categorical propo-

sitions:
avéryovton uévtol xol ol 8 Ghwv bmodeTixol eig T Tplar T TpoELENUEVA
oy fdota AR TEOTw, OC xal OedPpaoTog BEDELYEY EV T TEWTY THY
IIpotépwv dvahuTin@v. ...davdAhoyov yap TO uev Aiyew xol Eneciou
16 xatnyopeiodar, 0 8¢ dpyeoda ¢ UnoxeloVar: UToOXELTAL YdP TWG
16 empepouéve avtd. (Alex. Aphr. In An. Pr. 326. 20-32 =
113B FHS&G)
Wholly hypothetical syllogisms, too, are reduced to the three afore-
mentioned figures in another way, as Theophrastus also has shown
in the first book of his Prior Analytics. ...For, to be a consequent,
or to follow from something, is analogous to being a predicate, and
to be an antecedent is analogous to being a subject. For, in a way,
an antecedent is a subject for what is inferred from it.

Theophrastus’ analogy is further elaborated by Philoponus as follows:
gheye B 6 Oedypactog 6TL BlvavTon xol obTol Do & tela oyfuaTa
avéyeodon.??  dtav ydp elnopey ‘el 10 A, xal 10 B, € 10 B, xol
10 I, elta ovunepdvopey ‘el 10 A 8pa, xal 1o IV, dvahoyel 1O pev
A &)dttowt bpe ol LToXEWEVw, TO 08 B uéon xatnyopoupéve peyv
100 A Unoxewéve 8¢ 6 I, dnep dvahoyel peillovt dpe (ote oltwg
gotow 10 mp@tov oyfijwe. (Philop. In An. Pr. 302. 14-19 = 113C
FHS&G)
Theophrastus said that [wholly hypothetical syllogisms], too, can
be reduced to the three figures. For when we say If A then also B;
If B then also C, and then conclude Therefore, if A then also C,
then A is analogous to the minor term, i.e., the subject, B to the
middle, which is predicated of A and subject of C, which is itself
analogous to the major term. Hence, in this way, there will be the
first figure.

As these passages make clear, Theophrastus held that the antecedent of a condi-
tional is analogous to the subject term of a categorical proposition, and the conse-
quent to its predicate term. He took this analogy to provide the basis for ‘reducing’
wholly hypothetical syllogisms to the three figures of categorical syllogisms. The
point of such a reduction, according to Alexander (326. 25-8), is not merely to
note a superficial structural parallel between categorical and wholly hypothetical
syllogisms, but to help explain why the latter are valid.®°

59Philoponus uses the construction dvéyeodor Ond (e.g., 116. 10-12, 242. 13, 248. 10, 251.
23-4, 316. 33) interchangeably with avéyeocda eic (e.g., 116. 13, 240. 19, 241. 23-5, 315. 8-13).
We translate both as ‘reduce to’.

60The phrase ‘reduce (&vdyew) to the three figures’ is used by Aristotle to describe a general
procedure whereby arguments that are valid but do not have the form of a categorical syllogism
can be recast in categorical form (Pr. An. 1. 32, 46b40-47al; see Ebert and Nortmann, Analytica
Priora I, 798; Striker, Prior Analytics I, 212). Aristotle indicates that this procedure is meant
to be applied to wholly hypothetical syllogisms (47a28-31). Alexander notes that Theophrastus
discussed this procedure in his On the Analysis of Syllogisms and that he listed various applications
of the procedure in a treatise titled Arguments Reduced to Figures (In An. Pr. 340. 13-21 = 97
FHS&G). Thus, when Alexander states that Theophrastus reduced wholly hypothetical syllogisms
to the three figures (326. 20—2 = 113B FHS&G), it seems clear that he has in mind an application
of the same general procedure of recasting valid non-categorical arguments in categorical form.
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This explanation is based on the idea that any conditional can be cast as a
proposition of categorical form, for, as Alexander puts it, ‘in a way, an antecedent
is a subject for what is inferred from it’ (326. 32). In this categorical rendering, the
antecedent and consequent propositions ‘take the place’ (ydpav AouPdvery, 326. 34—
6) of the subject and predicate terms, respectively.®' In order to validate the wholly
hypothetical syllogisms studied by Theophrastus, conditionals must be rendered as
a-propositions, since only these exhibit a transitive relation between terms in the
language of Aristotle’s categorical syllogistic. Thus, the conditional If ¢ then v is
rendered as the a-proposition tagp, the subject of which is the proposition ¢ and
the predicate the proposition 1. Accordingly, a wholly hypothetical syllogism:

If o then o, If ¢ then x F If o then x

is reduced to a first-figure syllogism in the mood Barbara:

xay, Yap F xap

In this way, by means of Theophrastus’ analogy, the validity of wholly hypothetical
syllogisms can be justified by appeal to the categorical mood Barbara.

This reduction of wholly hypothetical syllogisms is naturally viewed as part of
a broader theoretical program aimed at a systematic treatment of a wide variety
of valid argument forms within the framework of Aristotle’s categorical syllogistic.
The ultimate objective of such a program, at its most ambitious, would be to
establish that Aristotle’s theory is capable of comprehending all formally valid
inferences, including those that involve hypothetical propositions.’? As Barnes
puts it:

The old Peripatetic logicians ... held that all formally valid infer-
ences could be construed within an extension of Aristotelian syllo-
gistic. The task of establishing that thesis constitutes what I shall
call the Peripatetic programme. (Barnes, ‘Terms and Sentences’,
282)

Theophrastus’ proposed implementation of the Peripatetic program, in its applica-
tion to hypothetical syllogisms, relies crucially on the notion that a whole proposi-

tion can figure as the subject or predicate term in propositions of categorical form.

When a proposition figures as such, we will refer to it as a ‘propositional term’.5?

We therefore agree with Bobzien, ‘Wholly Hypothetical Syllogisms’, 107 that Theophrastus aimed
for a reduction whereby ‘a wholly hypothetical syllogism would reduce to a categorical syllogism
.., if its validity was derived from the latter; that is, if one can logically transform it into a

categorical syllogism’.

61Similarly, 327. 5-6, 327. 15 = 113B FHS&QG, 327. 29-32, In Top. 63. 25-6.

62Barnes views this program as representing one side in an ancient debate between Peripatetic
and Stoic logicians over the relative priority of categorical and hypothetical syllogistic: ‘It was often
supposed that the two syllogistics were partners, each adequate in its own area. This irenic view is
misleading. The Peripatetics thought that their categorical syllogistic embraced the whole of logic:
any argument which submitted to formal treatment at all submitted to categorical syllogistic. And
the Stoics held the same for their hypothetical syllogisms. The two systems regarded themselves
as rivals; and behind the texts there is a genuine and philosophical rivalry, between ‘term’ logic
which supposes that relations among terms are the fundamental logical relations and ‘sentence’
logic which assumes that it is sentences on which logic must ground itself’ (J. Barnes, ‘Logic:
The Peripatetics’, in K. Algra et al. (eds.), The Cambridge History of Hellenistic Philosophy
(Cambridge, 1999), 77-83 at 77-8).

63Bames7 ‘Terms and Sentences’, 315 argues that, in Theophrastus’ theory, a propositional
term is a new syntactic item distinct from the proposition from which it is generated. While there
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In fact, there are reasons to think that Aristotle himself was open to the idea of
introducing propositional terms into his theory of the categorical syllogism. As we
have already noted, Aristotle refers to the propositions that serve as antecedents
and consequents of conditionals as ‘terms’. Moreover, he emphasizes that, when re-
ducing complex real-world arguments to the three figures of categorical syllogisms,
the terms used to instantiate categorical moods are often expressed not by simple
names but by complex phrases.* Thus, for example, Aristotle acknowledges in-
stances of the mood Barbara in which the middle term includes a proposition, as
in the lacking of light when the earth blocks it out (Post. An. 2. 2, 90al7-18). Ac-
cording to Henry Mendell, this indicates that, in the application of his categorical
syllogistic, ‘Aristotle sometimes allows propositions as terms’.%

The fact that hypothetical propositions can be rendered as a-propositions re-
lating propositional terms should not, of course, be taken to mean that no sharp
distinction can be drawn between hypothetical and categorical propositions. In-
deed, early Peripatetic doctrine insisted on such a distinction. Accordingly, the
sources do not attribute to Theophrastus the aim of reducing hypothetical to cat-
egorical propositions, but instead the more holistic ambition of reducing wholly
hypothetical syllogisms to the three figures of categorical syllogisms. This suggests
that Theophrastus’ reduction was not meant to proceed by turning hypothetical
propositions into categorical ones, which would threaten to undermine any real dis-
tinction between the two, but instead by subsuming hypothetical syllogisms under
the laws expressed by Aristotle’s moods in the three figures. To effect such a reduc-
tion, the mood Barbara must be understood as encompassing among its instances
not only categorical syllogisms involving standard terms such as man, animal, and
walking, but also wholly hypothetical syllogisms in which the terms are proposi-
tions. This in turn requires that the a-copula figuring in the mood Barbara be
capable of capturing a variety of distinct ways in which one term can be said to
‘hold of” another. Aristotle himself approves of such flexibility in the use of the
a-copula when he writes:

10 8¢ Umdpyew TO TpdTov TE WEow xol ToUto TE dxpw ol OEl Aay-
Bavew G¢ alel xatnyopnincouéveny GAAAWY . ... GAN oocuy&s TO
elvan Aéyeton xal TO dAndec einelv avtd TolTO, TocOUTAUYES olecVou
xen onpodvety xol 1o Undpyewv. (Arist. Pr. An. 1. 36, 48a40-b4;
similarly, 1. 37, 49a6-9)

That the first holds of the middle and the middle of the extreme,
must not be understood in such a way that the one always is to be
predicated of the other .... Instead, it must be thought that, in as
many ways as to be is said or It is true to say this is said, to hold
of, too, signifies in just so many ways.

is no direct evidence for this view, Barnes points to Alexander’s remark that the antecedent of a
conditional is a subject ‘in a way’ (rwg, 326. 32 = 113B FHS&G), taking this to indicate that
it is not the antecedent itself but a distinct propositional term generated from it that serves as
the subject of the relevant a-proposition (Barnes, ‘Terms and Sentences’, 315 n. 3). This reading,
however, conflicts with Alexander’s explicit claim that the antecedent and consequent propositions
themselves take the place of the subject and predicate terms, respectively (see n. 61).

64pr  An. 1. 35, 48a29-39. See Alex. Aphr. In An. Pr. 357. 18-358. 4; Striker, Prior
Analytics I, 220-2.

65H. Mendell, ‘Making Sense of Aristotelian Demonstration’ ['Demonstration’], Ozford Studies
in Ancient Philosophy, 16 (1998), 161-225 at 176.
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While Aristotle does not give a comprehensive listing of the non-standard uses of the
a-copula that he intends to license in this passage, Mendell argues that included
among them are cases in which the a-copula expresses a relation of implication
between propositional terms.%6

Indeed, some of the formulations of the a-copula employed by Aristotle in the
Prior Analytics seem particularly well-suited to be applied to propositional and
non-propositional terms alike. For example, Aristotle often formulates a-propositions
using the verb to follow, as in A follows all B (10 A novtt 16 B dxohoudel, 1. 4,
26a2, 26b5—-6; 1. 28, 44a21), and this verb is equally applicable to non-propositional
terms and propositions. Thus, on the one hand, Aristotle regularly uses the con-
struction A follows B to indicate that an attribute A holds of a subject B, as in
Animal follows man.%” Elsewhere, he uses the same construction, A follows B, to
indicate that a proposition A follows from a proposition B, as in:%®

axorovdolol 8 abtan, Tfj uev ndic Eotiv dvlpwnog oL dixowog 1 0bdelC
gotwv dvlpwnoc dixawoc. (Arist. De int. 10, 20a20-1)

The statement No man is just follows the statement Every man is
not-just.

In this passage, the proposition that is said to follow another proposition appears
as part of a definite description of the form ‘the statement ...’, whereas in other
cases it is expressed by means of a nominalized infinitive construction.®® Mendell
argues that ‘the ease with which one can nominalize any sentence in Greek suggests
that a proposition can and does function as a term’ in Aristotle’s theory of the
categorical syllogism.”™ In line with this observation, the verb to follow applied
to nominalized infinitive constructions would be a natural choice for expressing a-
propositions relating propositional terms. Aristotle’s conditional If A is, then B is
(100 A 6vtoc 10 B éott, Pr. An. 1. 15, 34a30), where A and B are propositions,
could thus be rendered by a construction such as:

B’s being follows all A’s being
10 10 B glvan dxohoudel movtl 6 0 A clvon

While such formulations are more contrived than the plain examples of categori-
cal propositions found in the opening chapters of the Analytics, as Barnes notes,

66Mendell7 ‘Demonstration’, 175. When Aristotle here speaks of different ways in which to
civon (48b3) is said, he seems to have in mind a division of the senses of 10 glvou such as the one
provided in Metaph. A 7 (H. Maier, Die Syllogistik des Aristoteles, #/2. Die logische Theorie
des Syllogismus und die Entstehung der aristotelischen Logik: Die Entstehung der aristotelischen
Logik (Tibingen, 1900) at 325 n. 2; C. H. Kahn, ‘Questions and Categories: Aristotle’s Doctrine
of Categories in the Light of Modern Research’, in H. Hiz (ed.), Questions (Dordrecht, 1978),
227-78 at 252-3; contra Smith, Prior Analytics, 166). Since the latter division includes a sense in
which to €lvou pertains to propositions or their ontological correlates (1017a31-5), it is plausible
that the uses of the a-copula licensed by Aristotle in the present passage from Pr. An. 1. 36
include one that applies to propositional terms (even if his focus in the remainder of 1. 36 is on
other uses of the a-copula).

678vBpdhme dxorouvdel o {&ov, Pr. An. 1. 27, 43b31. Similarly, 2. 27, 70a21-2; Post. An. 2.
17, 99a23-4. See H. Bonitz, Index Aristotelicus (Berlin, 1870) at 26b1-11.

68See Mraz, Implikace, 72-7; cf. also Barnes, ‘Heiberg’, 121.

69&%0)\ou197’]ca 10 mdow Ldpyew, Top. 3. 6, 120a2; similarly, 119b38-9 (see Primavesi, Topik
B, 163 n. 33). Cf. also Cat. 12, 14a31-2 (quoted in n. 18).

70Mendell7 ‘Demonstration’, 176.
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this is not a reason not to attribute them to Theophrastus, since ‘the Peripatet-
ics recognized the need to construct artificial terms, and they apparently felt no
embarrassment at their contrived nature’.”

So the early Peripatetics had at their disposal the linguistic resources to formu-
late a-propositions relating propositional terms in a manner broadly in keeping with
Aristotle’s terminology. Still, attributing any specific formulations to Theophras-
tus would be mere speculation since the extant sources give us no guidance on this
point. This uncertainty is only exacerbated by the fact that the early Peripatet-
ics evinced little concern to regiment the language used to formulate categorical
syllogisms, instead allowing a-propositions to be expressed by a variety of differ-
ent locutions.” Given their tolerance for linguistic variation, they may well have
felt no need to insist upon a single mode of expression for both categorical and
hypothetical a-propositions, remaining content to express the latter by means of
standard conditional constructions such as If ¢ then 1.”> However this may be,
Theophrastus’ claim that conditionals are analogous to a-propositions should not
primarily be viewed as an injunction to translate conditionals into the language of
categorical propositions—for example, by nominalizing the antecedent and conse-
quent and contriving a suitable phrase by which to assert that the one holds of
the other. Instead, its main point is that conditionals, regardless of how they may
be formulated, obey the general laws of a-predication theorized by Aristotle in his
categorical syllogistic. As we shall see, the sources do provide us with sufficient
guidance to identify the role that propositional terms played in Theophrastus’ pro-
posed implementation of the Peripatetic program, and to assess the extent to which
this program can be successfully carried out.

With respect to such an assessment, Barnes has argued that there is reason for
pessimism. According to Barnes, Theophrastus’ program is open to the ‘devastat-
ing objection’ that certain laws of Aristotle’s categorical syllogistic turn out to be
invalid when construed as laws of propositional logic.” In particular, Barnes claims
that this is true of Aristotle’s rule of a-conversion, according to which AaB entails
BiA. In its application to propositional terms, this rule states:

payp = Pip
While the sources indicate that Theophrastus took a-propositions relating propo-
sitional terms to express conditionals, they are silent on the issue of how to under-
stand the corresponding i-propositions. In Barnes’s view, the only plausible way

7lBarnes7 ‘Terms and Sentences’, 315 n. 1.

72As Alexander puts it, for the Peripatetics, ‘a deduction has its being not in the words but
in what is signified by the words’ (o0Ux év tdiic AMéEeotv 6 cLANOYLOUOC TO Elvon Exel GAN v Tolg
onuowvopevols, Alex. Aphr. In An. Pr. 372. 29-30; similarly, 84. 16-19, 373. 16-17). See J.
Brunschwig, ‘La proposition particuliére et les preuves de non-concluance chez Aristote’, Cahiers
pour U’Analyse, 10 (1969), 3-26 at 3-5; B. Morison, ‘What Was Aristotle’s Concept of Logical
Form?’, in B. Morison and K. Ierodiakonou (eds.), Episteme, etc. Essays in Honour of Jonathan
Barnes (Oxford, 2012), 172-88 at 186—7; M. Malink, ‘The Beginnings of Formal Logic: Deduction
in Aristotle’s Topics vs. Prior Analytics’ [‘Beginnings of Formal Logic’], Phronesis, 60 (2015),
267-309 at 268-9.

"3In fact, Aristotle sometimes uses conditional constructions to express categorical a-
propositions, e.g., the a-proposition All remainders of subtracting equals from equals are equal
by means of the construction ‘If equals are subtracted from equals, equals remain’ (&rd t&v lowv
Towv dpopovpévey toa hetrecdou, APr. 1. 24, 41b21-2; see Ebert and Nortmann, Analytica Priora
I, 750; Malink, ‘Beginnings of Formal Logic’, 288-91).

74Barnes, ‘Terms and Sentences’, 316.
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of extending Theophrastus’ analogy to i-propositions is by adopting a semantics
for propositional terms in which ¥ip expresses the conjunction ¢ and ¥. On this
reading, Aristotle’s rule of a-conversion implies:

If ¢ then ¢ F ¢ and 1
This, of course, is invalid in any reasonable system of propositional logic. Thus,
Barnes concludes that Theophrastus’ implementation of the Peripatetic program is

‘doomed to failure’:"®

Within Aristotle’s system AaB entails BiA .... Thus pa entails
i, and ¥ip says that some things such that ¢ are such that .
But that is true only if there are some things such that ¢ and
some things such that ¢. pai thus entails that ¢ and that ¥. But
evidently, If ¢ then ¢ entails neither that ¢ nor that . Hence
par is not equivalent to If v then ¢. The reduction fails. If the
old Peripatetic programme is unsuccessful, the underlying cause
of its failure is to be found in the fact that AaB in Aristotle’s
system entails BiA. (Barnes, ‘Terms and Sentences’, 316-17; with
notational adjustments)

Barnes’s claim that i-propositions relating propositional terms express classical
conjunction is based on an extensional reading of i-propositions on which the exten-
sion of a propositional term is taken to be the set of all individuals in the domain
of discourse if the proposition is true, and the empty set if it is false:

[The propositional term] ¢ is true of any object just in case that
object is such that ¢; and, trivially, an object is such that ¢ just
in case . For example, [the propositional term] Verdi is Italian
is true of Berlioz just in case Berlioz is such that Verdi is Italian,
and Berlioz is such that Verdi is Italian just in case Verdi is Italian.
(Barnes, ‘Terms and Sentences’, 315; with notational adjustments)

While this account of the denotation of propositional terms may seem acceptable
to a modern logician comfortable with the sort of vacuous functional abstraction
through which a closed sentence gives rise to a degenerate one-place predicate, there
is no evidence to suggest that Theophrastus would have subscribed to this account,
and it seems odd to suppose that he would have been amenable to the idea that
the proposition 2 4 2 = 4 gives rise to an attribute that holds of, say, Socrates.”
Nor do other attempts to assign an extension to propositional terms fare much
better. For example, one might construe the extension of a propositional term as
the set of those times at which the proposition is true. On this construal, the i-
proposition ¥ip does not express the conjunction of ¢ and v, but instead the claim
that there is some time at which both ¢ and v are true. But, as Sigwart notes,
this temporal reading does not sit well with the rule of a-conversion either.”” For,

75Barnes, ‘Terms and Sentences’, 321. A similar concern is raised by D. Bonevac and J. Dever,
‘A History of the Connectives’ [‘Connectives’], in D. M. Gabbay, F. J. Pelletier, and J. Woods
(eds.), Handbook of the History of Logic, vol. xi: Logic: A History of its Central Concepts
(Amsterdam, 2012), 175-233 at 189-90: ‘One might think that Every S is P entails Some S is
P, for example, but it is implausible to think that S — P entails S A P without the additional
premise S.’

"6As acknowledged by Barnes and Morison, Institutio logica i, 319.

e, Sigwart, Beitrdge zur Lehre vom hypothetischen Urtheile [Hypothetisches Urtheil)
(Tibingen, 1871) at 36 n. 10.
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on this reading, any conditional entails that there is a time at which its antecedent
and consequent are both true, which is clearly unacceptable given that the early
Peripatetics endorsed conditionals with impossible antecedents.”

Although Barnes is surely right to raise the question of whether Theophrastus’
analogy can be reconciled with Aristotle’s rule of a-conversion, there is no need
to insist that such a reconciliation be effected by means of a suitable extensional
semantics for propositional terms. Of course, this analogy does require that propo-
sitions can figure as subjects and predicates in Aristotle’s a-propositions. But the
a-copula appearing in these propositions need not be understood as asserting an
extensional relation between terms. Aristotle offers a brief characterization of the
meaning of the a-copula in a passage known as the dictum de omni (Pr. An. 1.
1, 24b28-30). While orthodox readings of this passage do attribute to Aristotle an
extensional semantics for a-predication according to which an a-proposition is true
just in case every object in the extension of its subject is in the extension of its pred-
icate, commentators have increasingly been led to reject such readings in favor of
various non-extensional, non-semantic or otherwise heterodox construals according
to which the dictum specifies the fundamental logical properties of a-propositions
without making any appeal to the extensions of the terms involved.™

Caution counsels, then, that we avoid appealing to independent semantic intu-
itions when assessing the viability of Theophrastus’ implementation of the Peri-
patetic program. In particular, we ought not to bring to our investigation any
antecedent assumptions about the extension of propositional terms or the nature of
the propositional connectives theorized by Theophrastus and the early Peripatet-
ics. Instead, our understanding of these connectives should emerge freely from an
investigation into the laws governing propositional terms in Theophrastus’ theory
of hypothetical syllogisms. Only then will we be able to judge the extent to which
Barnes’s objection poses a genuine threat to the Peripatetic program.

3. THE LAwS GOVERNING PROPOSITIONAL TERMS

As we have seen, Theophrastus subsumed first-figure wholly hypothetical syllogisms
under the categorical mood Barbara. But his theory was also meant to comprehend
wholly hypothetical syllogisms which he grouped into the second and third figures,

"8Given that the early Peripatetics endorsed conditionals with necessary antecedents and con-
sequents, by contraposition (see n. 87) they are also committed to conditionals with impossible
antecedents and consequents. Conditionals of the latter sort play an important role in Aristotle’s
philosophical theorizing (cf. J. Rosen and M. Malink, ‘A Method of Modal Proof in Aristotle’,
Ozford Studies in Ancient Philosophy, 42 (2012), 179-261 at 251-3). Thus, while some scholars
seek to validate the rule of a-conversion for categorical propositions in an extensional semantics
by precluding empty terms from appearing in true a-propositions, the corresponding strategy
of validating this rule for hypothetical propositions by precluding impossible propositions from
appearing in true conditionals is not viable.

"9For such heterodox readings of the dictum de omni, see B. Morison, ‘Aristotle, etc.”, Phrone-
sis, 53 (2008), 209-22 at 214-15; id., ‘What Is a Perfect Syllogism?’, Ozford Studies in Ancient
Philosophy, 48 (2015), 107-66 at 141-2; M. Malink, Aristotle’s Modal Syllogistic (Cambridge,
MA, 2013) at 66-8; J. Vlasits, ‘Mereology in Aristotle’s Assertoric Syllogistic’, History and Phi-
losophy of Logic, 40 (2019), 1-11 at 5; P. Fait, ‘Aristotle and Lukasiewicz on the Principle of
Non-Contradiction, the Syllogism, and the Dictum de omni et de nullo’, in C. G. King and V.
Raspa (eds.), Aristotle’s Organon in Old and New Logic (London, 2025), 139-164 at 147. By
contrast, for an orthodox reading of the dictum de omni, see Ebert and Nortmann, Analytica
Priora I, 229-30.



THE ORIGINS OF PROPOSITIONAL LOGIC 25

such as those of the form:
If ¢ then not o, If x then ¢ + If p then not x

The earlier straightforward method of reduction based on Theophrastus’ analogy
between conditionals and a-propositions is not by itself sufficient to reduce such
wholly hypothetical syllogisms to categorical form. This is because their validity
relies not only on the operation of the conditional connective but also on that of
the negative element not. Theophrastus must therefore have relied on additional
resources to effect the requisite reduction.

Insight into how Theophrastus might have envisioned such a reduction can be
gained from later texts in the Peripatetic tradition such as the anonymous Byzantine
treatise entitled Logica et quadrivium, also known as the anon Heiberg. In this

treatise, wholly hypothetical syllogisms are described as follows:5°

%ol TPESTOC PEV 6 TOlC XaTNyopLxolg Buolog eloayéodew:
el 6 Yeoc dixatog, elol & Exeldev Suxanmthpla

ERERRY \

- , 'y : ,
el elol t& éxclidev ducouwtrpla, dddvatol ol Quyal

5 e

el 0 ¥ede dixonog, aidvaror dpa ai Puyod
00TOg PEV 0DV €V T8 Tp®TR TEOTL TOD TEMTOU CYHUATOS TGV XATH-
YOPIXESY GUAAOYIOPGY dvopofveton Wove T¢ UmodeTnd SldAdTTwy,
o¢ lonTon: €l 8¢ oTEENTIXOV €ln TO Tpoxeluevoy TEdBANU, xol i ToD
TEWTOL oY NfuaTog %ol Bld TV Aoy Drodeuxde xataoxevaocfoe-
tot. (Anon. Logica et quadrivium 1 38, 30. 20-8 Heiberg)
First let us introduce the hypothetical syllogism that is similar to
the categorical ones:

If God is just, there are courts of justice in the hereafter

If there are courts of justice in the hereafter, souls are immortal

If God is just, souls therefore are immortal

This syllogism appears in the first mood of the first figure of cate-
gorical syllogisms, differing only in being hypothetical, as has been
said. But if the proposed problem is negative, it will be established
hypothetically both through the first figure and through the others.

The passage begins with an example of a wholly hypothetical syllogism which is
straightforwardly reducible to the first-figure mood Barbara. The author then
mentions another class of wholly hypothetical syllogisms in which ‘the proposed
problem is negative’, meaning those in which the conclusion is of the form If ¢ then
not . The author claims that these syllogisms are to be established by means of
other categorical moods besides Barbara. Since any such mood will involve not
just a-propositions, this requires that some conditionals be analogized to e-, i-, or
o-propositions. As Barnes notes, the most natural way of doing so is to interpret the
conditional If ¢ then not 1 as the e-proposition 1ep.8t Given this interpretation,

80While the anon Heiberg was written around the year 1007, K. Ierodiakonou, ‘The Hypothet-
ical Syllogisms in the Greek and Latin Traditions’, Cahiers de I’Institut du Moyen-Age Grec et
Latin, 66 (1996), 96-116 at 104 argues that the discussion of wholly hypothetical syllogisms in
this treatise follows ‘an early Peripatetic account’. Similarly, Barnes, ‘Heiberg’, 121 notes that ‘it
is reasonable to conclude that our author works in the Theophrastan tradition’.

81Barnes, ‘Heiberg’, 122—-3. Similarly, Bobzien, ‘Wholly Hypothetical Syllogisms’, 110 argues
that this method of reduction can plausibly be attributed to Theophrastus.
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wholly hypothetical syllogisms of the form
If ¢ then not o, If x then ¢ + If p then not x

are reduced to the second-figure categorical mood Camestres:

Yax, Yep F xep

In this reduction, the conditional If ¢ then not 1 is rendered as the e-proposition
1ep. But Theophrastus must still have allowed this same conditional to be inter-
preted in the usual manner as the a-proposition (not 1)ap. For, this interpretation
is needed to deal with first-figure wholly hypothetical syllogisms of the form

If ¢ then not v, If not ¢ then x & If p then x

which, by Theophrastus’ original analogy, are reduced to the mood Barbara:5?

xa(not ¢), (not Y)ap F xap

According to Theophrastus, then, conditionals of the form If ¢ then not ¢ admit
of a dual interpretation: as the a-proposition (not ¥)ap and as the e-proposition
wep. To ensure the coherence of this dual interpretation, these two renderings must
be taken to be equivalent, i.e.:

(not ¥)ap if and only if  tep

We refer to this law as ‘propositional obversion’, owing to its close connection to

the traditional law of obversion which asserts that an e-proposition is equivalent to

the corresponding a-proposition with the predicate term negated, i.e.:%3

(not-A)aB  if and only if  AeB

This law of obversion—also known as the Canon of Proclus (Steph. In Int. 49.
24-32 Hayduck)—is endorsed by Aristotle for categorical propositions in the De
interpretatione:84

828y110gisms of this form were included in Theophrastus’ first figure of wholly hypothetical
syllogisms (Barnes, ‘Terms and Sentences’, 301-2; Bobzien, ‘Wholly Hypothetical Syllogisms’,
90-1; ead., ‘Parallel to Boethius’, 295). They comprise one of the eight moods of first-figure
wholly hypothetical syllogisms mentioned by the anon Waitz (Waitz, Organon, i. 9 = Bobzien,
‘Parallel to Boethius’, 287-9, §§4-5) and by Boethius (De hyp. syl. 2. 9. 2 and 2. 10. 1
Obertello).

83The law of propositional obversion is explicitly stated by Avicenna, whose work on proposi-
tional logic draws on earlier Peripatetic sources (Avicenna, al-Shifa’: al-Qiyas 7. 1 366. 1-369.
1 Zayed, transl. N. Shehaby, The Propositional Logic of Avicenna: A Translation from al-Shifa’:
al-Qiyas [Awvicenna] (Dordrecht, 1973) at 166-8; see K. El-Rouayheb, ‘Impossible Antecedents
and Their Consequences: Some Thirteenth-Century Arabic Discussions’, History and Philosophy
of Logic, 30 (2009), 209-25 at 209-10). Propositional obversion is also endorsed by C. Read,
Logic: Deductive and Inductive, 4th edn. [Logic] (London, 1914) at 60-3 and 93 in his proposed
reduction of hypothetical to categorical logic.

84Ammon. In Int. 181. 12-183. 35; M. Soreth, ‘Zum infiniten Prédikat im zehnten Kapitel
der Aristotelischen Hermeneutik’, in R. Walzer et al. (eds.), Islamic Philosophy and the Classical
Tradition (Columbia, 1972), 389-424 at 413-16; Weidemann, Peri Hermeneias, 365-7; B. Yi,
‘Did Aristotle Have a Doctrine of Existential Import?’, Open Philosophy, 8 (2025), 1-43 at 33-4.
Contra Kneale and Kneale, Development of Logic, 57; M. V. Wedin, ‘Negation and Quantification
in Aristotle’, History and Philosophy of Logic, 11 (1990), 131-50 at 142; R. Santos, ‘Aristotle on
Negative Terms and Obversion’, in A. P. Mesquita and R. Santos (eds.), New Essays on Aristotle’s
Organon (London, 2024), 108-32 at 115 and 123.
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T0 8¢ ndic 0L Bixouog oLx dvdpwnog 6 oLdel dixonog ox dvipwnog
ToTOv onuadvet. (Arist. De int. 10, 20a39-40)

FEvery not-man is not-just means the same thing as No not-man is
Just.

It is likely that Theophrastus followed Aristotle in accepting this law of categori-
cal obversion, especially given his known interest in categorical propositions with
negated predicate terms (87A-F FHS&G).% If so, this further supports attributing
to Theophrastus the law of propositional obversion, since the latter can naturally be
viewed as a straightforward variant of the former. Indeed, to the early Peripatetics,
obversion may have seemed more legitimate when applied to propositional terms
than to non-propositional ones, since propositions naturally come in pairs of af-
firmation and denial, whereas the status of negated terms such as not-man and
not-just is more dubious.%¢

One noteworthy consequence of propositional obversion is that the conditional
theorized by Theophrastus obeys the law of contraposition:

If ¢ then ¢ F If not ¥ then not ¢

For, given Theophrastus’ analogy, this law reduces to

Yap E (not p)a(not ¥)
which, by propositional obversion, is equivalent to the following instance of e-
conversion:

(not Y)ep - pe(not )
The above law of contraposition was endorsed by Aristotle and it continued to play
a prominent role in Peripatetic logic.®” Thus, for example, several texts in the
Peripatetic tradition appeal to contraposition as a means of reducing second- and
third-figure wholly hypothetical syllogisms to those in the first figure.®® In fact, all

85¢, Barnes, ‘Terms and Sentences’, 314 n. 2; Weidemann, Peri Hermeneias, 330.

80 or Aristotle, both affirmations and denials have the status of a simple declarative statement
(&mbdgpavole, De int. 5-6, 17a23-33). By contrast, he maintains that, while man has the status
of a name (&voua), not-man is not a name without qualification but merely an ‘indefinite name,
for what it signifies is in a way one thing, but indefinite’ (&dbpiotov dvopa, €v vdp nwe onualvel
adpwotov, De int. 10, 19b8-9 Minio-Paluello, transl. Ackrill; see also 2, 16a29-32; 3, 16b11—
15). M. T. Ferejohn, ‘Plato and Aristotle on Negative Predication and Semantic Fragmentation’,
Archiv fiir Geschichte der Philosophie, 71 (1989), 257—82 at 269 argues that, given their semantic
indeterminacy, ‘Aristotle takes an even darker view than does Plato on the dangers inherent in the
use of negative predicates’. If this is correct, it may help to explain why Aristotle does not appeal
to the law of obversion in the Pr. An. despite endorsing it elsewhere. For this ensures that his
syllogistic remains applicable even in those settings where the use of negative predicates is to be
avoided. Thus, while Aristotle’s use of reductio ad impossibile in his syllogistic presupposes that
for every affirmation there is a corresponding denial, his syllogistic does not presuppose that for
every positive non-propositional term there is a corresponding negative non-propositional term.

87For Aristotle’s statement of contraposition, see Pr. An. 2. 2, 53b12-13 (quoted above, text
to n. 49); 2. 4, 57b1-2, 57b9-12; Top. 2. 8, 113b23—4 (cf. J. M. Bochenski, ‘Non-Analytical
Laws and Rules in Aristotle’, Methodos, 3 (1951), 70-80 at 79; Lukasiewicz, Syllogistic, 49; Berka,
Vyrokovd logika v antice, 18; Mréz, Implikace, 63—4; Primavesi, Topik B, 163 and 222-3). Aristotle
also endorsed a law of contraposition for non-propositional terms, according to which AaB entails
(not-B)a(not-A) (Top. 2. 8, 113b17-21; Barnes, ‘Terms and Sentences’, 314 n. 2; Primavesi,
Topik B, 220-3).

88E.g., Waitz, Organon, i. 10 = Bobzien, ‘Parallel to Boethius’, 288 and 290, §7 and §9;
Boethius De hyp. syl. 3. 1. 2-3. 6. 1.
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second- and third-figure wholly hypothetical syllogisms can be reduced to Barbara
in this way.?° There is, however, no need to posit contraposition as a primitive rule
of inference in Theophrastus’ theory. For, as we have just seen, it can be derived
from the principles of propositional obversion and e-conversion. Thus, the principle
of propositional obversion provides us with an economical way of building up the
entire theory of wholly hypothetical syllogisms from categorical foundations.

In addition to propositional obversion, there is a second principle governing
propositional terms that is suggested by the treatment of wholly hypothetical syl-
logisms in the anon Heiberg. Recall the wholly hypothetical syllogism adduced in
this treatise:

el & ¥eog dixanog, ciol & Exciev dixouwthpla

el elol & exciev duxannthpia, dddvatol ol Quyal

el 6 Yeoc dixatog, dd¥dvartol dpo ai Puyal

If God is just, there are courts of justice in the hereafter

If there are courts of justice in the hereafter, souls are immortal
If God is just, souls therefore are immortal

Conspicuously, in the conclusion of this syllogism, the inferential marker ‘therefore’
(8pa) appears within the consequent of the conditional, rendering the construction
awkward if not ungrammatical. For this reason, Barnes attributes to the author of
the anon Heiberg the view that underlying this wholly hypothetical syllogism is an
argument the conclusion of which is not the conditional If God is just, then souls
are immortal, but instead its categorical consequent:

[T]he ‘real’ conclusion of the argument—and hence the substance
of the problem—is Souls are immortal. The underlying idea is this:
the conclusion of a wholly hypothetical argument is not a condi-
tional proposition—it is not If ¢ then x. Rather, the conclusion
is the consequent of the conditional proposition, y. The last line
of the wholly hypothetical argument presents the conclusion, but
presents it hypothetically. The argument is not taken to establish
that If ¢ then x: it is taken to establish that x—on the hypothesis
that . (Barnes, ‘Heiberg’, 122; with notational adjustments)

Barnes suggests that the wholly hypothetical syllogisms discussed in the anon
Heiberg, while formulated as arguments with a conditional conclusion, were seen
as equivalent to arguments establishing the consequent of a conditional ‘on the hy-
pothesis’ that the antecedent holds. This suggestion is corroborated by the fact
that the ‘problem’ of a wholly hypothetical syllogism in the anon Heiberg is identi-
fied not with its conditional conclusion but with the consequent of this conditional.
Thus, for example, a wholly hypothetical syllogism

If © then o, If 1y then x + If p then x

establishes the proposition y on the hypothesis that ¢. If the hypothesis ¢ is
included among the premises of the argument establishing y, this means that the
wholly hypothetical syllogism is equivalent to:

If ¢ then o, If Y then x, ¢ F x

89Barnes, ‘Terms and Sentences’, 305 n. 1.
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This view of wholly hypothetical syllogisms is further corroborated by Waitz’s
scholium, in which first-figure wholly hypothetical syllogisms are illustrated by the
following example:*°

el Nuépa Eotl, p&c Eotiv

el & €otly, opditon T& OpaTd

el Nuépa Eotlv, dpdton Gpor T& Gpatd

(Waitz, Organon, i. 10 = Bobzien, ‘Parallel to Boethius’, 288, §10)
If it is day, it is light

If it is light, the visible things are seen

If it is day, the visible things are therefore seen

As in the anon Heiberg, the inferential marker ‘therefore’ (8po) appears in the con-
sequent of the conditional that serves as the conclusion.” Moreover, the scholiast
offers the following general description of first-figure wholly hypothetical syllogisms:
Ex OF TELESY GpwV CUVNUUEVWY OXTG UEV CUANOYLoUOL Bld THg €Tl TOV
TEGTOV ETAVOBOU . . ., olov GO¢ £l EVOC TpOTOL”
el 10 3, 10 f
el B, Y
ei 10 8892 g, Gpo T0 ¥
(Waitz, Organon, i. 9 = Bobuzien, ‘Parallel to Boethius’, 287, §§4-5)
From three connected terms there come to be eight syllogisms
through the repetition of the first term ..., as in the first mode:

If ¢ then

If ¢ then x
If o then therefore x

Here, first-figure wholly hypothetical syllogisms are described as involving ‘three
connected terms’, namely, the component propositions ¢, 1, and x. The scholiast
claims that these wholly hypothetical syllogisms come about through the ‘repetition
of the first term’, that is, through the repetition of the proposition ¢. By the
‘repetition’ of ¢ the scholiast means the positing of ¢ as a premise in a hypothetical
argument, as is clear from the scholiast’s analogous description of arguments of the
form modus ponens:
dualt?® cuvnuuévolc Bpolc yivovioaw culhoyiopol Téooopec dud THic énl
TOV TPOTEPOY EMAVODOU . ... X0l 1 UEV ETL TOV TEGBTOV EMAVODBOG AT
Véowy yiveton . ... olov
el 10 a, 10 B
gndvodoc: To ol O
ouunépacuar o f dea
(Waitz, Organon, i. 9 = Bobzien, ‘Parallel to Boethius’, 287, §2)
By means of two connected terms there come to be four syllogisms
through the repetition of the first term .... The repetition of the
first comes to be by positing . ... For example,

90Waitz, Organon, i. 10 = Bobzien, ‘Parallel to Boethius’, 288 and 290-1, §10.

911 the other examples of wholly hypothetical syllogisms given by the scholiast in §10, dpa
appears in the antecedent of the conclusion. The scholiast seems to regard both formulations as
equivalent.

92Following Waitz in reading d¢.

93Following Bobzien in reading duct.
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If ¢ then
Repetition: But ¢
Conclusion: Therefore 1)

Thus, in arguments of the form modus ponens, the ‘repetition’ of the first term is
the positing of the antecedent of the conditional as a separate premise. Likewise,
in a first-figure wholly hypothetical syllogism

If o then o, If ¢ then x F If ¢ then x

the ‘repetition’ of the first term is the positing of ¢ as a premise. This again
supports the view that this wholly hypothetical syllogism is equivalent to:*

If ¢ then ¢, If Y then x, ¢ F x

The same understanding of wholly hypothetical syllogisms is evinced by Boethius
in his De hypotheticis syllogismis.”®

Thus, there is some indication that ancient logicians working in the early Peri-
patetic tradition held the view that a wholly hypothetical syllogism establishing
a conditional conclusion is equivalent to the corresponding argument in which the
antecedent of this conditional figures as a premise and the consequent as the conclu-
sion. Arguably, this equivalence was meant to obtain not just for wholly hypotheti-
cal syllogisms but, more generally, for any argument with a conditional conclusion.
Given Theophrastus’ analogy between conditionals and a-propositions, the general
law asserting this equivalence states that, for any collection of propositions I' and
any propositions ¢ and :

ek ifand only if I'F yap

In what follows, we refer to this principle as ‘propositional a-predication’.

It is worth noting that propositional a-predication, together with propositional
obversion, entails Aristotle’s rule of reductio ad impossibile, which can be formulated
as follows:?¢

If Tk, then T, notyk noty
For, by propositional a-predication, this rule is equivalent to

If TFIfy then, then T & If not then not ¢

945ee Bobzien, ‘Parallel to Boethius’, 295-6.

95Boethius De hyp. syl. 2. 9. 1-2. 11. 7 (see K. Berka, ‘Die Aussagenlogik bei Boethius’,
Philologus, 126 (1982), 90-8 at 96; Barnes, ‘Terms and Sentences’, 301-2, n. 3; Bobzien, ‘Parallel
to Boethius’, 296). Consider, for example, the position of the inferential marker igitur in the
following formulation of a wholly hypothetical syllogism: si est a, est b, et si est b, necesse est
non esse ¢; at vero est a, non est igitur ¢ (2. 9. 7). In this argument, at vero est a is what
Boethius calls an ‘assumption’ (assumptio), while non est igitur ¢ is the ‘conclusion’ (conclusio)
(2. 9. 5). In this respect, Boethius’ account parallels the one given by the anonymous scholiast.
It is likely that both accounts derive from a common source of early Peripatetic material (see
Bobzien, ‘Parallel to Boethius’).

96For this formulation of Aristotle’s rule of reductio ad impossibile, see P. Thom, ‘Aristotle’s
Syllogistic’ [‘Syllogistic’], Notre Dame Journal of Formal Logic, 20 (1979), 751-9 at 755-6; id.,
The Syllogism (Miinchen, 1981) at 39; P. Crivelli, ‘Aristotle on Syllogisms From a Hypothe-
sis’ [‘Syllogisms From a Hypothesis’], in A. Longo (ed.), Argument From Hypothesis in Ancient
Philosophy (Naples, 2011), 95-184 at 124-35. T. J. Smiley, ‘What Is a Syllogism?’ [‘Syllogism’],
Journal of Philosophical Logic, 2 (1973), 13654 at 142 employs a slightly different, but equivalent
formulation of reductio ad impossibile.
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which follows from contraposition (and so, as we have seen, from propositional
obversion). Thus, while Aristotle posited reductio ad impossibile as a primitive rule
of inference in his categorical syllogistic, there is no need to do so in Theophrastus’
theory since this rule can be derived from propositional obversion and propositional
a-predication. Accordingly, if these two principles are added to the core principles
of Barbara, Celarent, and e-conversion, one can derive all categorical syllogisms
endorsed by Aristotle—with the sole exception of those that rely on the rule of
a-conversion.

4. THE CATEGORICAL BASIS OF PROPOSITIONAL LOGIC

Barnes’s objection to the Peripatetic program is that Aristotle’s rule of a-conversion
cannot be coherently applied to propositional terms. We are now in a position to
assess the force of this objection by examining whether a-conversion can be admitted
in a theory of propositional terms based on the principles of propositional obversion
and a-predication. To this end, we introduce a framework in which to explore the
deductive consequences of these principles. We begin by extending the language of
Aristotle’s categorical syllogistic so as to implement Theophrastus’ proposal that
propositions can serve as terms. The most straightforward way of doing so is as
follows:

Definition 1. Take as given countably many terms:
(1) If A and B are terms, (AaB), (AeB), (AiB), and (AoB) are propositions.

(2) Every proposition is a term.

For readability, we will omit the outermost parentheses in propositions. Moreover,
we will write ‘-’ instead of ‘not ¢’ to denote the contradictory of ¢:

Definition 2. If ¢ is the proposition AaB (resp. AeB, AiB, AoB), —¢ is the
proposition AoB (resp. AiB, AeB, AaB).

Note that — is not an object-language operator but rather signifies the metalinguis-
tic operation whereby a proposition is mapped to its contradictory as specified by
Aristotle’s laws of opposition.”” Accordingly, there is no need in this language to
posit a principle of double negation, since the above definition implies that ——¢p
just is the proposition .

Having thus specified the language, our next task is to introduce a deductive
system for reasoning in this language. As a first attempt at doing so, we adopt
the standard approach of taking deducibility to be a binary relation between a
set of propositions, serving as the premises of a deductive argument, and a single
proposition, serving as its conclusion. As we have seen, the deductive system em-
ployed by Theophrastus in his implementation of the Peripatetic program includes
the core syllogistic principles of Barbara, Celarent, and e-conversion, as well as the
two characteristic principles governing propositional terms: propositional obversion
and propositional a-predication. In addition, the system must also include struc-
tural rules which regulate how derivations from these principles are to proceed.
The three structural rules that are often employed in modern systems of logic are

9pr. An. 2. 8, 59b8-10; 2. 15, 63b23-30, De int. 7, 17b16-20; see Smiley, ‘Syllogism’, 141.
We take — always to have narrowmost scope, so that —pai) is to be read as (—¢)at rather than

—(paz).
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those of reflexivity, monotonicity, and cut. When these are added to the aforemen-
tioned principles, we obtain the following calculus, which we call ®; (the ‘©’ is for
‘Theophrastus’):

Definition 3. The calculus ®; is the smallest relation F between sets of proposi-
tions and propositions satisfying:

Barbara: AaB,BaC + AaC

Celarent: AeB, BaC + AeC

e-conversion: AeBF BeA

propositional obversion: —pa) - ey

propositional a-predication: T, F 1 iff T'F vap

reflexivity: pkFo

monotonicity: IfT'F g, then I',¢ .

cut: IfT, ok and A @, then T', A F 1.

Here, A, B,C are any terms; ¢, any propositions; and I'; A any sets of proposi-
tions. As usual, we write I'1,..., Ty, 1, ..., @m b ¥ to indicate that 'y U---UT, U
{¢1,-..,m} stands in the relation - to .

What laws of propositional logic can be derived in this calculus? Clearly, all
wholly hypothetical syllogisms and the rule of reductio ad impossibile are derivable,
following the informal derivations outlined above. But other laws of propositional
logic are derivable as well, such as ¢ — (¢ — ¢), where ‘—’ signifies the conditional
connective ‘If --- then —’. For the structural rules of reflexivity and monotonicity
imply ¢, % F ¢, from which by two applications of propositional a-predication we
have F (pa)ap. More generally, the following theorem states that all the laws of
classical propositional logic are derivable in ®;:%%

Theorem. For any propositions ¢ and ¥, let ¢ — 1 be the proposition vayp. Then
the following claims hold true of ©q:

CL 1: Fo—(Y—p)

CL 2: Flo—=@—=x) = (¢—=¢) = (p—x)
CL 3: (oo = ) = (¥ = ¢)

reflexivity: @ F ¢

MP: IfT'F @ and Ao — 9, then T, A 1.

Here, @1, x are any propositions; and I'; A any sets of propositions.

Conversely, these are the only laws of propositional logic derivable in ©;.%° Thus,
the propositional logic generated by ©; is exactly classical propositional logic.

It is an immediate corollary of this result that, in ®;, a-propositions relating
propositional terms obey the laws of material implication. Likewise, i-propositions

98The laws CL 1-3 constitute Lukasiewicz’s axiomatization of classical propositional logic.

991 @, were to validate any non-classical law of propositional logic, it would be inconsistent
in the sense that every proposition would be derivable (since classical logic has no consistent
schematic extension). But it easy to verify that ©; is not inconsistent in this sense.



THE ORIGINS OF PROPOSITIONAL LOGIC 33

relating propositional terms obey the laws of classical conjunction, i.e.:1%0

P Py =

0, Y iy

In this way, the calculus ©®; provides a proof-theoretic rationale for Barnes’s ex-
tensional semantics in which i-propositions relating propositional terms express
classical conjunction. If ®; were an adequate reconstruction of Theophrastus’ im-
plementation of the Peripatetic program, Barnes’s objection to this program would
be vindicated. For, in this calculus, Aristotle’s rule of a-conversion, when applied
to propositional terms, gives rise to the undesirable consequence ¢ — ¥ = ¥ A .

Of course, the calculus ®; would surely not be deemed acceptable by Theophras-
tus since it exhibits features that directly conflict with Peripatetic doctrine. For
example, Theophrastus would presumably follow Aristotle in rejecting the rule of
monotonicity on the grounds that a syllogism must not contain any superfluous
premises that play no role in deriving the conclusion.'®® One advantage of the
present deductive framework over the semantic approach adopted by Barnes is that
it affords us a straightforward way to accommodate this Peripatetic commitment,
simply by omitting the structural rule of monotonicity from ©;:

Definition 4. The calculus ©®; is the smallest relation - between sets of proposi-
tions and propositions satisfying:

Barbara: AaB,BaC + AaC

Celarent: AeB, BaC + AeC

e-conversion: AeB I BeA

propositional obversion: —pay A ey

propositional a-predication: T',pF 1 iff T'F vap

reflexivity: pkFoe

cut: IfT, ok and A @, then T', A F 1.

While some laws of classical propositional logic remain derivable in the nonmono-
tonic calculus @5, others do not. Specifically, this calculus gives rise to a natural
system of subclassical logic, namely, the intensional version of the relevance logic

10OBy reflexivity and monotonicity, we have —¢, ¢ F =y, hence by propositional a-predication
- F —parp, and by propositional obversion —¢ b e, which by reductio (and e-conversion) im-
plies @iy - ¢ (and ip - ¢). Moreover, by reflexivity we have pey b petp, hence by propositional
obversion and propositional a-predication e, 1) - =, which by reductio implies ¢,V = @ip.

101 A pistotle rejects monotonicity at Top. 8. 11, 161b28-30; see Alex. Aphr. In Top. 13.
28-14. 2 and 568. 18-23; M. Frede, ‘Stoic vs. Aristotelian Syllogistic’, Archiv fiir Geschichte der
Philosophie, 56 (1974), 1-32 at 22; J. Barnes, ‘Proof Destroyed’, in M. Schofield, M. F. Burnyeat,
and J. Barnes (eds.), Doubt and Dogmatism: Studies in Hellenistic Epistemology (Oxford, 1980),
161-81 at 168-9; R. Smith, Aristotle: Topics, Books I and VIII (Oxford, 1997) at 143; Striker,
Prior Analytics I, 81-2; L. Castagnoli, ‘Aristotle on the Non-Cause Fallacy’, History and Philos-
ophy of Logic, 37 (2016), 9-32 at 14-23.
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RM. This system, which is known as RMI, consists of the negation-implication ax-
ioms of the relevance logic R together with the mingle axiom, ¢ — (¢ — ¢).102
The following theorem states that all the laws of RMI are derivable in @s:

Theorem. For any propositions ¢ and ¥, let ¢ — ¥ be the proposition vayp. Then
the following claims hold true of ®s:

RMI1:  Fo—(o—¢)

RMI2:  F(p=(p—=v) = (0= )

RMI3:  F(p—1) = (¥ —=x) = (¢ —X))
RMIJ:  Fo=W—=X) = W= (=)
RMI5: k(o — =) — (¢ — —¢)

RMI 6: Fop—p

reflexivity: @ F ¢

MP: IfTF @ and Ao — Y, then T, A 2.

Conversely, it can be shown that these are the only laws of propositional logic
derivable in ®,.1%% Thus, the propositional logic generated by @, is exactly RMI.

In the calculus @5 the i-proposition it is provably equivalent to the o-proposition
—1hop, that is, to the negated conditional (¢ — —)). However, since in RMI the
conditional does not obey the laws of material implication, =(¢ — —) no longer
expresses classical conjunction. Instead, it expresses a form of intensional conjunc-
tion that does not obey the law of conjunction elimination, since =(¢ — =) F ¢
is not valid in RMI. Thus, in the nonmonotonic calculus ®5, Barnes’s semantic
claim that i-propositions relating propositional terms express classical conjunction
no longer holds.

In light of this fact, one might revisit the question of whether Aristotle’s rule
of a-conversion can be added to @5 without leading to inconsistency. The answer,
however, remains no. To see why, note that, since it is equivalent to =(¢ — ),
the rule of a-conversion when applied to propositional terms yields the following
law, which is known as Boethius’ Thesis:

o= (o= )

In RMI, this law is equivalent to what is known as Aristotle’s Thesis: %

F=(p = —p)

102For an exposition of RMI, see A. Avron, ‘Relevant Entailment: Semantics and Formal
Systems’, Journal of Symbolic Logic, 49 (1984), 334-42 at 334-5; id., ‘RM and Its Nice Properties’,
in K. Bimb6 (ed.), J. Michael Dunn on Information Based Logics (Cham, 2016), 15-43 at 19-21.
It should be noted that RMI is distinct from the negation-implication fragment of the system RM,
which results from adding the mingle axiom to the full relevance logic R including extensional
connectives.

103For a sketch of the proof of this claim, see n. 203 in Appendix A below.

104For a discussion of how these laws came to be referred to as ‘Aristotle’s Thesis’ and
‘Boethius’ Thesis’, see S. McCall, ‘A History of Connexivity’ [‘Connexivity’], in D. M. Gab-
bay, F. J. Pelletier, and J. Woods (eds.), Handbook of the History of Logic, vol. xi: Logic: A
History of Its Central Concepts (Amsterdam, 2012), 415-49 at 415-21.
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Systems of propositional logic that satisfy Aristotle’s Thesis are commonly referred
to as ‘connexive’ logics.!%% It is well known that the addition of connexive principles,
such as Aristotle’s Thesis, to even quite weak systems of propositional logic leads
to inconsistency.'%® This is true, in particular, for the system RMI. For, since the
conditional in RMI obeys contraposition, we have:

1. Fo—=(p—9) mingle axiom RMI 1

2. Fyp—(-p— ) from 1, by contraposition and RMI 3
3. F=p—=(p—-p) from 2 by RMI 4

4. F=(p = —p) = ¢ from 3, by contraposition

Since the antecedent of the conditional in line 4 is just Aristotle’s Thesis, adding
a-conversion to @4 renders the calculus trivial in the sense that every proposition
is provable. Thus, despite the fact that i-propositions relating propositional terms
no longer express classical conjunction, Barnes’s contention that the rule of a-
conversion cannot be accommodated within Theophrastus’ theory remains in force
for the calculus ©,.

One of the key principles involved in the proof that a-conversion leads to triv-
iality in @5 is the mingle axiom, ¢ — (¢ — ). In O, this axiom is derived
from reflexivity, propositional a-predication, and the stipulation that the calculus
operates on sets of premises so that ¢ I ¢ is indistinguishable from ¢, ¢ F ¢. This
stipulation, innocuous as it might seem, in fact embodies a substantial assumption,
namely, that the number of occurrences of a premise is irrelevant to an argument’s
validity. As Smiley and others have pointed out there are compelling reasons to
think that Aristotle would have rejected this assumption and that his categorical
syllogistic does not operate on sets but on ‘multisets’ of premises, where a multi-
set is a collection in which the multiplicity of each element is taken into account
so that {p} and {¢, ¢} are distinct multisets.!%” Attributing the same view to
Theophrastus, it is then natural to consider the multiset variant of ®s:

Definition 5. The calculus @3 is the smallest relation F between multisets of
propositions and propositions satisfying:

105The link between a-conversion and connexivity has been noted by McCall and Angell, who
employ a connexive conditional to define a- and i-propositions in such a way that a-conversion is
valid (S. McCall, ‘Connexive Implication and the Syllogism’, Mind, 76 (1967), 34656 at 349-56;
id., ‘Connexivity’, 433; R. B. Angell, ‘Truth-Functional Conditionals and Modern vs. Traditional
Syllogistic’, Mind, 95 (1986), 210-23 at 216-23). By contrast, Theophrastus’ theory of proposi-
tional terms suggests the opposite approach, whereby connexivity is derived from a-conversion.
This is in keeping with the Peripatetic program of deriving laws of propositional logic from cate-
gorical principles rather than the other way around.

106gee . McCall, ‘Connexive Implication’, Journal of Symbolic Logic, 31 (1966), 415-33 at
416-17.

107Smiley, ‘Syllogism’, 140-1; Thom, The Syllogism, 133-7. If the premises of a deductive
argument are construed as a set, Aristotle’s rule of i-conversion, AiB F BiA, is tantamount to
AiB, AiB F BiA. By reductio, this implies AiB, BeA F AeB. Aristotle, however, would clearly
reject the latter argument on the grounds that no universal conclusion is deducible from premises
that include a particular proposition (Pr. An. 1. 24, 41b22-6; 1. 26, 43a10-14).
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Barbara: AaB, BaC + AaC

Celarent: AeB, BaC' + AeC

e-conversion: AeB - BeA

propositional obversion: —wap T+ ey

propositional a-predication: T',pkF ¢ iff T F Yap

reflexivity: ok

cut: IfT, ok and AF ¢, then T, A 4.

What laws of propositional logic are valid in @37 It turns out that this calculus
gives rise to the intensional (or, ‘multiplicative’) fragment of linear logic, LI, the
axioms of which are the principles RMI 3-6.1%% The following theorem states that
all the laws of LI are derivable in ©s5:

Theorem. For any propositions ¢ and ¥, let ¢ — ¥ be the proposition vawp. Then
the following claims hold true of ©®s3:

LI 1: Flp =) = (= x) = (¢ — X))
LI 2: Flo—= @ —=x) = @ —=(p—=x)
LI 3: F(p— ) = (¥ = o)

LI 4: F o —

reflexivity: o F @
MP: IfT'F o and A+ @ — 4, then I, A F 1.

Conversely, it can be shown that these are the only laws of propositional logic
derivable in @5.1% Thus, the propositional logic generated by the calculus @5 is
exactly LI.

Since the mingle axiom no longer holds, we may reconsider the question of
whether Boethius’ and Aristotle’s Theses can be added to LI without rendering
the system inconsistent. The answer, in this case, is yes: the connexive variant of
LI, which includes Boethius’ and Aristotle’s Theses, is consistent.!!? Despite this
fact, however, connexive LI possesses other disqualifying features. Most notably,
the addition of Aristotle’s Thesis to LI renders the conditional symmetric, as shown
by the following proof outline:

108For an exposition of intensional linear logic, see A. Avron, ‘The Semantics and Proof Theory
of Linear Logic’, Theoretical Computer Science, 57 (1988), 161-84 at 168-9. Avron includes ¢ — ¢
as an axiom, but this is redundant.

109For a proof of this claim, see Appendix A.

HO0This can be seen by considering a bivalent semantics in which — is interpreted as classical
negation and — as the material biconditional (cf. Y. Weiss, ‘Semantics for the Pure Logic of
Connexive Implication’, Review of Symbolic Logic, 15 (2022), 591-606 at 595). It is easy to
verify that all the principles of LI, along with Boethius’ and Aristotle’s Theses, are valid in this
semantics, and that no pair of contradictory propositions is jointly satisfiable.
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L o= F@—=9) = (=9 — @ —9)
=Y (=)= (2= ) = (Y = @)
e =)= (Y= @) = (W — )

by LI 1-2, MP
from 1, by contraposition
from 2, by LI 2

from 3, by contraposition

2
3
4 o =Y E (= 9) = W= p) = (P — )
5

poYEY = from 4, by Aristotle’s Thesis

Clearly, Theophrastus did not envision a logic that has this feature. Had he done so,
his teacher would have reproached him for committing the fallacy of the consequent,
that is, the fallacy which arises

01 10 olecton dvTioTEEPELY TNV dxohovinaly: dtav yip Tolde dvtog €€

avéryxng todl 1, xal Toide 6vtog ofovton xol Ydtepov elvon €€ aviyxng.

(Arist. SE 5, 167b1-3)

because people think that consequence converts; for when, if this is,

necessarily that is, they also think that, if the latter is, necessarily

also the former is.

The difficulties encountered thus far highlight the recalcitrance of Barnes’s ob-
jection to the Peripatetic program. Despite the fact that the extensional semantics
adduced by Barnes in support of his objection is unwarranted, our proof-theoretic
analysis reveals that the underlying problem identified by Barnes runs much deeper
than his original formulation suggests. Indeed, in the context of the calculi consid-
ered so far, Barnes is correct in claiming that Aristotle’s rule of a-conversion poses
a ‘devastating objection’ to the Peripatetic program.

While Barnes’s objection has not yet been resolved, progress has been made in
that we have come to a better understanding of the nature of the challenge posed.
For, we are now in a position to appreciate how the contours of the challenge
vary depending on the structural setting in which the principles of Theophrastus’
theory are developed. In particular, we have seen how different choices of structural
features give rise to different systems of propositional logic:

Structural Features Propositional Logic
0, monotonic CL
sets of premises classical logic
O, non-monotonic RMI
sets of premises relevance logic
(CH non-monotonic LI
multisets of premises linear logic

In this way, three natural systems of propositional logic (classical, relevance, and
linear logic) can each be seen as a fragment of the theory of the categorical syllogism
extended, in different structural settings, by Theophrastus’ theory of propositional
terms. Of course, the theory of the categorical syllogism from which these systems
are generated remains un-Aristotelian in one crucial respect, namely, that it does
not include the rule of a-conversion. The challenge left to us, then, is to weaken the
structural setting still further so as to make room for a-conversion in Theophrastus’
theory. As we shall see, the key insight needed to achieve this can be found in the
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early Peripatetic account of how hypothetical propositions are constructed from
categorical ones.

5. THE NON-RECURSIVITY OF PERIPATETIC CONDITIONALS

Ancient logicians working in the Peripatetic tradition drew a sharp distinction
between two kinds of proposition: categorical and hypothetical. In the preface to
his commentary on the De interpretatione, Ammonius introduces this distinction
as follows:

Ty 8¢ tol dmogavtixol Adyou BUo Gviwy €ld&V xal Tol uev xo-
houpévou xatnyopod Tob 6t brodetnol, xatnyopixol uev ol on-
patvovtog Tl Tivi Omdpyel 1) oy Umdpyel, o¢ dTay elnmuey Lwxpdtng
TEQLTOTEL, LwXPdTNG 0V TEPINATEL (XATNYOPOUPEY Yip TO MEPLTATEY
100 LwxpdToug TOTE PEV XATUPAUTIXES TOTE dE dnogatixésc) bmode-
wxob 8¢ Tob onpaivovtog tivog évtog Tl EoTv 1) obx oy, 1) Tivog
un 6vtog Tl €oTiv 1) 00x €oTty, G¢ dTay elnwpey €l avlpntdc EoTt, xol
{36V Eotwy, el dvilpwndg Eott, Aidog o0x Eotiy, el un Eotiy Nuépa, VOE
EoTw, €l U €oTv Nipépa, olx oty fhog Unep yijv. (Ammon. In Int.
3. 7-15)

There are two species of assertoric sentence: the one called ‘cat-
egorical’ and the other called ‘hypothetical’. Categorical is that
which signifies what holds of what or what does not hold of what,
as when we say Socrates walks or Socrates does not walk; for we
predicate walking of Socrates, in the one case affirmatively and in
the other negatively. Hypothetical is that which signifies what is
or is not if something is, or what is or is not if something is not, as
when we say If it is a man, it is also an animal, If it is a man, it
is not a stone, If it is not day, it is night, or If it is not day, the
sun is not above the earth.

Ammonius goes on to provide a more specific account of how hypothetical propo-
sitions are constructed from categorical ones:

1o OnodeTundc AMOPAVoELS EX TGV XATNYOPWESY TNV YEVEOLY EYELY:
GAAne Yo medg FAANY xatnyopxiic mpotdoews 1) dxoloudiav 1 di-
dotooty onuaivoust, cuvdéouco aUTAS TEOS GAANAAC 1) TG CUMUTAE-
XU 1 16 SloaleuxTinG TPOoaYOpEUOUEVE cuVdEouw. (Ammon. In
Int. 3. 31-4. 2)

Hypothetical assertions come about from categorical ones, for they
signify either the consequence or the separation of one categorical
proposition in relation to another, connecting them together either
by what is called the ‘conjoining’ or the ‘disjoining’ connective.

As noted above, the view of hypothetical propositions given by Ammonius in
these passages is representative of the early Peripatetic tradition going back to
Theophrastus. In the latter passage, Ammonius distinguishes two kinds of hypo-
thetical proposition: conditionals and disjunctions.''! We will have more to say

111By the ‘conjoining’ (cuumhexTtixéc) connective Ammonius means the conditional connective
(see Bobzien, ‘Ammonius’, 109-10 n. 20).
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about this distinction below. For now, the important point to note is that hypo-
thetical propositions of both kinds join one categorical proposition to another.!'?
Crucially, this implies that hypothetical propositions are non-recursive in the fol-
lowing sense: while two categorical propositions can be joined together to form a
hypothetical, the proposition thus formed, being itself non-categorical, cannot be
used as a component in the construction of further hypothetical propositions.!*?
In this respect, the Peripatetic view differs markedly from the account of complex

propositions given by the Stoics, who countenanced a recursive syntax according
to which the antecedent and consequent of a conditional can be any propositions,
simple or complex.'** From the Stoic perspective, restricting one’s attention to only
those conditionals that have a categorical antecedent and consequent may seem a
fairly dramatic and ad hoc syntactic limitation. For the Peripatetics, however, the
choice to regard conditionals as non-recursive was not an arbitrary restriction, but
was motivated by their specific views concerning the mode of assertion peculiar
to hypothetical propositions. This can be seen, for example, in the treatment of
hypothetical propositions given by Galen in his Institutio logica:

Yévog Ao TpoTdoeds EoTv €V diig THV dmdpaoly 0O mepl Tiic Undp-

Eewe motolueda @Y mpoyudtey dAAG mepl tob tivog dvtog Tl Eot

%ol thvog o0x dvtoc Tl éotv. Umodetixol O¢ 6vopaléodwoay ol Tolo-

Utan mpotdoelg, ... Aéyew 8¢ 1) clvan 1) Undpyety 0O Slapépel mapd TolC

"EN\noty &root tolc te viv xal toic nohowolc. (Gal. Inst. log. 3. 1-2)

There is another kind of proposition [besides the categorical] in

which we make an assertion not about the obtaining of things but

about what is if something is, and what is if something is not.

Let such propositions be called hypothetical. ... But it makes no

difference to any of the Greeks, present or past, whether we say ‘to

be’ or ‘to obtain’.
Like Ammonius, Galen is here reporting a view of hypothetical propositions held by
early Peripatetics such as Theophrastus and Eudemus.!'® On this view, to assert a
hypothetical proposition is not to make a categorical assertion about what is, or, as
Galen puts it, ‘about the obtaining of things’.*'® Instead, it is to make a different
kind of assertion, about what consequences one thing’s obtaining has for another
thing’s obtaining, or, what is if something else is. The difference between these two
modes of assertion is described by Ammonius as follows:

12gee Bobzien, ‘Ammonius’, 109-10. Bobzien (n. 19) suggests that this view of hypothetical
propositions can be traced to Theophrastus.

1135ee Bobzien, ‘Ammonius’, 103 n. 2. This assumes that no hypothetical proposition is
categorical, which was a standard presupposition taken for granted among the Peripatetics (see,
e.g., Alex. Aphr. In An. Pr. 11. 17-20, Ammon. In Int. 73. 25-74. 5, 80. 1-6; cf. Bobuzien,
‘Ammonius’, 105).

H4gee . Bobzien, ‘Stoic Syllogistic’, Ozford Studies in Ancient Philosophy, 14 (1996), 133-92
at 170-1; ead., ‘Logic: The Stoics’ [‘Stoic Logic’], in K. Algra et al. (eds.), The Cambridge History
of Hellenistic Philosophy (Cambridge, 1999), 92-157 at 104; ead., ‘Stoic Proof Theory’, 235-T;
ead., ‘Frege Plagiarized the Stoics’, in F. Leigh (ed.), Themes in Plato, Aristotle, and Hellenistic
Philosophy: Keeling Lectures 2011-18 (London, 2021), 149-219 at 183.

1158ee J. Mau, Galen: Einfiihrung in die Logik [Galen] (Berlin, 1960) at 8-9; Bobzien, ‘Pre-
Stoic’, 59-65; ead., ‘Galen’, 59.

116gee Bobzien, ‘Galen’, 61. The same view was maintained by Alexander (In An. Pr. 265.
13-17; see n. 174 below).
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BV Yop Tpotdoewy ol pév eiotv xotnyopwxal, ol TEAEld ol GdL-

oTINTLS dmogatvoueval, olov 1 uyh adtoxivntde Eotiy, ol 8¢ Oro-

Yetixal, ol pn tehelong dmogawvouevar GAN" év noléoel, olov el Nuépa

gotly, iS¢ EoTv 6 Ydp oUTWS AEYwV 0L TeAelwe dmogaiveton &TL Q&C

goty, aAN Undleoty AoBav o el Nuépa eotiv Aéyel 6Tl el Nuépa Eotiy,

i eotv. (Ammon. In An. Pr. 17. 19-24)

Among propositions some are categorical, being those which as-

sert in a complete and unquestioned way, such as The soul is self-

moving. The others are hypothetical, being those which do not

assert in a complete way, but on a hypothesis, such as If it is day,

it is light; for someone who speaks in this way does not assert in a

complete way that it is light, but taking as a hypothesis if it is day

he says that, if it is day, it is light.
Thus, someone putting forward a hypothetical proposition is not making a complete
assertion, but rather performs another kind of speech act in which the antecedent of
the conditional is taken as a hypothesis upon which the consequent is asserted only
conditionally.''” This helps to account for why the Peripatetics took hypothetical
propositions to be non-recursive. For, since hypothetical propositions have only
conditional assertoric force and thus do not make any claim as to what obtains, they
cannot themselves serve as hypotheses upon which other claims can be conditionally
asserted.

In line with Peripatetic doctrine, then, it is most natural to formulate Theophras-

tus’ theory in a non-recursive language in which hypothetical propositions cannot
serve as components in the construction of further hypotheticals:

Definition 6. Take as given countably many simple terms:
(1) If A and B are simple terms, AaB, AeB, AiB, and AoB are categorical
propositions.
(2) If ¢ and v are categorical propositions, pai, pe, i, and oy are hy-
pothetical propositions.

We refer to the simple terms and categorical propositions as terms, and to the
categorical and hypothetical propositions as propositions.

In what follows, when we speak of ‘terms’ and ‘propositions’, we will adhere to
the meaning of these phrases just defined, instead of the more inclusive meaning
initially given to them in the fully recursive syntax of Definition 1.

Following the trajectory of progressive weakenings that led us from @, to ®s,
we may now consider the calculus ®,4 that results from restricting ®3 to the non-
recursive syntax just introduced.''® This syntactic restriction, of course, has a
pronounced effect on the shape of the propositional logic generated by the calculus.
For example, laws involving nested conditionals are no longer derivable, since hy-
pothetical propositions of higher degree have now been excluded. As it turns out,
the laws of propositional logic derivable in ®,4 are exactly those laws of intensional

U7y a similar vein, Alexander holds that hypothetical propositions, unlike categorical ones,
‘are not posited but hypothesized’ (o0 ti¥etou AN Urotideton, In Top. 8. 10).

118The definition of @, is exactly the same as that of @3 (Definition 5), except that in the
statement of its principles ‘A’, ‘B’, ‘C’ now stand for terms and ‘¢’, ‘@)’ for propositions in the
non-recursive sense specified in Definition 6. Accordingly, in the formulations of propositional
obversion and propositional a-predication, ‘@’ and ‘¢’ stand for categorical propositions.
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linear logic which involve only zero- and first-degree formulae (where a zero-degree
formula is either an atomic formula or its negation, and a first-degree formula is
a conditional in which both the antecedent and consequent are zero-degree). We
refer to the system comprised of these laws as first-degree intensional linear logic,
or, LI*.*9 The following theorem states that all the laws of LI' are derivable in
@4:120

Theorem. For any categorical propositions ¢ and i, let p — 1 be the proposition
Yaw. Then the following claims hold true of Oy4:

transitivity: =P, = xFep—=x
contraposition: @ — —p F ) — -

identity: Fo—=@

modus ponens: @, o — P

reflezivity: ok

cut: IfT, o9 and AF ¢, then I') A F 1.

Conversely, these are the only laws of propositional logic derivable in ®4. Thus,
the propositional logic generated by @, is exactly LI'.}2!

Is first-degree intensional linear logic a propositional logic that can be attributed
to the early Peripatetics? Certainly not under this description. After all, the com-
plex label ‘first-degree intensional linear logic’ portrays it as the result of a series
of increasingly restrictive qualifications imposed on more comprehensive systems
of logic—systems which clearly had no place in Peripatetic thought. The value of
this portrayal derives solely from the fact that these larger, unrestricted systems
are more familiar to us today, and thus present the logic under a guise more rec-
ognizable to the modern reader. To the Peripatetics, by contrast, the logic would
have appeared as nothing more than the direct outcome of Theophrastus’ theory

197he system LI'is to be distinguished from the ‘first-degree entailment fragment’ (or, ‘fde-
fragment’) of intensional linear logic. The former is the first-degree restriction of the consequence
relation for LI, and thus itself a relation between multisets of zero- or first-degree formulae and
formulae. By contrast, the latter is the first-degree restriction of the class of formulae provable
in LI, and thus itself a class of first-degree formulae (for this notion of ‘fde-fragment’, see A. R.
Anderson and N. D. Belnap, Entailment: The Logic of Relevance and Necessity (Princeton,
1975) at 158 and 279; B. C. van Fraassen, ‘Gentlemen’s Wagers: Relevant Logic and Probability’,
Philosophical Studies, 43 (1983), 47-61 at 47 and 53; Y. Shramko, ‘First-Degree Entailment and
Structural Reasoning’, in H. Omori and H. Wansing (eds.), New Essays on Belnap-Dunn Logic
(Cham, 2019), 311-24 at 312-14). To the best of our knowledge, the system LI' has not been
discussed in the literature.

120por a proof that the laws listed in this theorem in fact constitute a complete axiomatization
of first-degree intensional linear logic, see Appendix B. By contrast, if the principles stated in the
definitions of ®; and @2 above were to be restricted to the non-recursive language specified in
Definition 6, the resulting systems would not be strong enough to derive all the laws of first-degree
classical logic or first-degree RMI, respectively.

121Clearly7 the full resources of ®4 are not needed to generate LI'. For example, the same
propositional logic would be generated if @4 were to be weakened by restricting the left-to-right
direction of propositional a-predication to the case in which I' is empty. This restriction might
be appealing to someone who wishes to view the relation of a-predication between propositional
terms as having additional modal force.
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of propositional terms, its structural minimality not being the result of deliber-
ate restrictions, but instead a codification of unquestioned Peripatetic assumptions
concerning the nature of categorical and hypothetical reasoning.

Setting aside its anachronistic label, then, the question remains as to whether
the principles of first-degree intensional linear logic can plausibly be attributed to
the early Peripatetics. As we have seen, transitivity and contraposition are already
endorsed by Aristotle, and modus ponens figures in Theophrastus’ theory of hypo-
thetical syllogisms. While identity does not play a prominent role in the extant
sources, both Aristotle and Alexander seem open to accepting reflexive condition-
als.’?? Thus, unlike the other systems of propositional logic considered above, LI' is
at least unobjectionable from a Peripatetic perspective. But more can be said on
its behalf. For, as we shall presently see, it corresponds exactly to the Peripatetic
theories of mixed and wholly hypothetical syllogisms.

Consider first those laws of LI'in which all of the premises and the conclusion
are conditionals. These are all and only those laws derivable from the following
principles:!23

transitivity: =P, = xFe—=x
contraposition: ¢ — = Y — =

identity: Fo—

cut: Ifr,pF ¢ and AF p, then I', A F 4.

Recall that Theophrastus’ theory of wholly hypothetical syllogisms is based on a
process of reduction whereby second- and third-figure wholly hypothetical syllo-
gisms are reduced to first-figure ones by means of contraposition.'?* The principles
of transitivity, contraposition, and cut are exactly those needed to carry out such
reductions. As for the principle of identity, it has no effect whatsoever on the
logic of wholly hypothetical arguments with one or more premises. Hence, the
purely conditional fragment of LI' coincides exactly with Theophrastus’ theory of
the wholly hypothetical syllogism.

In addition to laws involving only conditionals, LI' also contains various laws
involving zero-degree formulae. These are all and only those laws derivable from
the following principles:'23

1221 his criticism of circular proof, Aristotle is willing to concede the truth of any conditionals
of the form If A is, then A is (Post. An. 1. 3, 72b32-73a6; see Barnes, Posterior Analytics,
108; pace Bobzien, ‘Peripatetic Conditionals’, 23 n. 43). Similarly, Alexander appears to endorse
the truth of such conditionals even while denying their utility (In An. Pr. 20. 16-18; see Frede,
Die stoische Logik, 91; pace Kneale and Kneale, Development of Logic, 129). Barnes, ‘Terms and
Sentences’, 296 assumes that reflexive conditionals were precluded from Theophrastus’ theory of
wholly hypothetical syllogisms, but he admits that ‘there is no direct textual evidence’ for this. In
the absence of such evidence, we prefer not to impose this syntactic constraint on Theophrastus’
theory.

123g66 Definition 21 and Theorem 19 in Appendix B.

124966 nn. 88 and 89.

125Gee Definition 20 and Theorem 19 in Appendix B.
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modus ponens: @, — P

modus tollens: -, — o F

reflexivity: ek

cut: Ifr,pF ¢ and AF p, then I', A F 4.

This fragment of LI' concerns mixed hypothetical syllogisms. The early Peripatet-
ics posited just two basic laws of mixed hypothetical reasoning involving condition-
als.'26 These are described by Galen as follows:

gnl 8¢ tfic xotd ouvéyeloy LodeTixfic TpoTdoews . .. TpochuBdvTeg
HEV TO Nyoluevov E€ouev TO Afjiyov ocuumépaoud, TeochdBéviee 8¢ TO
T0U Mjyovtog dvtixeipevov €€opey ouunépooua o T0U HYOUUEVOU Gv-
Tixelpevov. oL unyv olte 10 Afiyov mpochafBdvteg olte 1O dvTixelyevoy
100 Nyoupévou ocuunépacyo €€opev. (Gal. Inst. log. 5. 5)

In the case of a hypothetical proposition based on cohesion [i.e.,
a conditional'®?), ... if we co-assume the antecedent we shall have
the consequent as conclusion, and if we co-assume the opposite
of the consequent we shall have as conclusion the opposite of the
antecedent. But if we co-assume the consequent or the opposite of
the antecedent, we shall have no conclusion.

The two laws here identified by Galen correspond to the two main principles of the
fragment of LI! just described, namely, modus ponens and modus tollens. Thus, this
fragment coincides exactly with the early Peripatetic theory of mixed hypothetical
syllogisms involving conditionals.

Given that the purely conditional fragment of LI' coincides with the theory of
wholly hypothetical syllogisms and the remaining fragment with that of mixed
hypothetical syllogisms, LI! captures exactly the two branches of Theophrastus’
hypothetical syllogistic. In this sense, LI' can rightly be regarded as the original
propositional logic of the early Peripatetics.

6. THEOPHRASTUS’ CALCULUS

Barnes’s objection has thus far proved a significant challenge to Theophrastus’
proposed implementation of the Peripatetic program. When the rule of a-conversion
is added to Theophrastus’ theory of propositional terms in the structural settings
of ®1-0O3, the resulting system is either inconsistent or exhibits other disqualifying
features, such as the symmetry of the conditional. Do such unacceptable features
also arise in the non-recursive setting of @47 To answer this question, we now
consider the calculus which results from ®4 by adding to it the rule of a-conversion:

Definition 7. The calculus © is the smallest relation F between multisets of propo-
sitions and propositions (as specified in Definition 6), satisfying:

126Frede, Die stoische Logik, 17-18.

127 he early Peripatetics referred to conditionals as hypothetical propositions ‘based on cohe-
sion’ (xatd cuvéyxewav, Gal. Inst. log. 3. 1, 3. 3-4 = 111D FHS&G, 14. 2; see J. M. Bochenski, La
Logique de Théophraste (Fribourg, 1947) at 108-9; Bobzien, ‘Pre-Stoic’, 58-65; ead., ‘Alexander’,
215-16; Barnes and Morison, Institutio logica i3, 386-7).
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Barbara: AaB, BaC + AaC

Celarent: AeB, BaC' + AeC

e-conversion: AeB - BeA

a-conversion: AaB + BiA

propositional obversion: —pary A ey

propositional a-predication: T,k iff T F ¢ap

reflexivity: ok

cut: IfT,pF 4 and A p, then T', A F 4.

We refer to ® as ‘Theophrastus’ calculus’. Our aim in the remainder of this pa-
per will be to show that this calculus constitutes an adequate reconstruction of
Theophrastus’ theory of propositional terms.

As a first step, we must ascertain whether the presence of a-conversion in Theo-
phrastus’ calculus gives rise to any unacceptable consequences. The answer, in brief,
is that it does not. For, whereas adding a-conversion to @,;—-03 substantially alters
the propositional logic generated by the calculus, this is not so for ®4. In fact, it can
be shown that the propositional logic generated by Theophrastus’ calculus in the
first-degree syntax of propositional logic is exactly the same as that generated by
®,, namely, first-degree intensional linear logic, LI'.1?® As we have seen, however,
LI' just is the propositional logic of Theophrastus’ theory of mixed and wholly
hypothetical syllogisms and, as such, is perfectly acceptable from a Peripatetic
point of view.

Of course, Theophrastus’ calculus is strictly stronger than ®,4 in that it includes
the rule of a-conversion. Accordingly, categorical moods such as Darapti that rely
on a-conversion, and so are not derivable in @y, are derivable in Theophrastus’
calculus. Moreover, unlike ®4, Theophrastus’ calculus includes all instances of a-
conversion involving propositional terms. Crucially, however, these additions do
not allow us to derive any new laws of propositional logic that were not already
derivable in ®4. This conservativity at the level of propositional logic is achieved
not by limiting the scope of the rule of a-conversion, but instead by restricting the
syntax of hypothetical propositions so as to admit only first-degree conditionals.'?"
For example, the proof of the symmetry of the conditional from a-conversion in the
recursive calculus @3 is no longer available since it relies on hypothetical proposi-
tions of higher degree. In this way, the minimality of the syntax of Theophrastus’
calculus prevents a-conversion from having ramifying effects that impact the sys-
tem in adverse ways. The apparent force of Barnes’s objection thus derives not
from any intrinsic defect in the rule of a-conversion as applied to propositional
terms, but instead from a failure to take proper account of the syntactic minimal-
ity of Peripatetic logic. In the non-recursive setting of Theophrastus’ calculus, the
rule of a-conversion, despite applying in full generality to non-propositional and
propositional terms alike, is entirely benign.

In view of this fact, we disagree with Barnes’s conclusion that Theophrastus’
implementation of the Peripatetic program can be successfully carried out only if

128566 Theorem 36 in Appendix C3.

129By contrast, the proposed implementation of the Peripatetic program given by R. van
Rooij, ‘The Propositional and Relational Syllogistic’, Logique et Analyse, 55 (2012), 85-108 at
93-6 includes the rule of a-conversion but limits its scope to non-propositional terms.
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‘its categorical basis is sufficiently un-Aristotelian’.!3® Not only does Theophras-
tus’ calculus include Aristotle’s rule of a-conversion, but it can be shown that the
categorical fragment of the calculus coincides exactly with Aristotle’s theory of the

categorical syllogism. To see this, consider the following formulation of Aristotle’s

syllogistic: 3!

Definition 8. The calculus A is the smallest relation F between multisets of cat-
egorical propositions and categorical propositions, satisfying:

Barbara: AaB, BaC  AaC

Celarent: AeB, BaC'+ AeC

e-conversion: AeBt BeA

a-conversion: AaBF BiA

reductio: IfT, o, then T', =) = =g
reflexivity: pkFoe
cut: IfT,pF Y and AF @, then T', A 4.

The following theorem states that the categorical fragment of Theophrastus’ calcu-
lus is exactly the calculus A:'32

Theorem. For any multiset of categorical propositions I' and any categorical propo-
sition @: @ is derivable from I in © iff ¢ is derivable from T in A.

Thus, as far as categorical propositions are concerned, the logic of Theophrastus’
calculus is no different from that of Aristotle’s syllogistic.

It may be noted that the only difference between Theophrastus’ calculus and
Aristotle’s syllogistic, apart from the latter’s restriction to categorical propositions,
is that the two principles governing propositional terms in © are replaced in A by
a single rule of reductio ad impossibile. What the above theorem shows is that,
if Theophrastus’ calculus is viewed as an extension of A, obtained by introducing
propositional terms and positing the two principles governing their operation, this
extension is conservative. Or, put another way, the rule of reductio ad impossibile
is the one and only contribution that Theophrastus’ theory of propositional terms
makes to the logic of categorical propositions.

From this perspective, it is natural to treat Aristotle’s rule of reductio ad impos-
sibile not as a primitive rule of inference but as a derived rule whose justification
relies on Theophrastus’ theory of propositional terms. Now, Aristotle maintained
that arguments by reductio ad impossibile are not syllogisms without qualification
but only syllogisms ‘from a hypothesis’ (¢€ Unodéoewe, Pr. An. 1. 23, 40b23-9),

1?’OBarnes7 ‘Terms and Sentences’, 318.

131This formulation of Aristotle’s syllogistic is due to Smiley, ‘Syllogism’, 141-2. Smiley’s
system does not account for Aristotle’s requirement that the conclusion of a syllogism be distinct
from each of its premises (Pr. An. 1. 1, 24b19; SE 5, 167a25-6; 6 168b25-6; see Alex. Aphr. In
An. Pr. 18. 12-20. 29; Barnes, Truth, etc., 487-90). An alternative formulation of Aristotle’s
syllogistic that satisfies this requirement has been given by Thom, ‘Syllogistic’, 751-7 (also id.,
The Syllogism, 42—4). It is unclear, however, how consistently Aristotle enforces the requirement.
For example, he accepts AeB, AiB - AoA (Pr. An. 2. 15, 64a27-30), which by reductio entails
AaA, AiB + AiB. While it would be straightforward to develop Theophrastus’ theory in the
noncircular framework given by Thom, we here opt to follow Smiley in not enforcing distinctness.

132Gee Theorem 24 in Appendix C1.
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and thus cannot be established by analyzing them within his theory of the categor-
ical syllogism (1. 44, 50a29-32). But if no categorical justification of reductio can
be given, how else might a Peripatetic have sought to justify this rule?

While Aristotle himself did not address this question, not all were content with
his silence on this point. A number of authors in late antiquity took the rule of
reductio to fall within the purview of propositional logic, contending that Aristotle’s
categorical syllogistic presupposes modes of propositional reasoning. For example,
Apuleius (or whoever wrote the Latin De interpretatione) claims that in employing
the rule of reductio Aristotle relies on the first thema of the Stoics:!33

est et altera probatio communis omnium ... quae dicitur per im-
possibile appellaturque a Stoicis prima constitutio vel primum ex-
positum. quod sic definiunt: si ex duobus tertium quid colligitur,
alterum eorum cum contrario illationis colligit contrarium reliquo.
(Apul. De int. 12, 100 Londey and Johanson)

There is also another proof common to all [categorical syllogisms]
..., which is called per impossibile and named by the Stoics the
first law or first thema. They define it as follows: if from two
propositions a third follows, then from either one of them together
with the contradictory of the conclusion, the contradictory of the
remaining one follows.

In the same vein, Neoplatonist authors argue that Aristotle’s proofs by reductio
rely on principles of Stoic propositional logic (though not on the first thema, but
on modus tollens and other Stoic principles).'?* A similar claim to the effect that
these proofs rely on propositional logic was endorsed by Avicenna and his follow-
ers.!3% And, in modern times, the same point has been made by scholars such as
Lukasiewicz and Patzig.!*® For example, Lukasiewicz writes:

No one can fully understand Aristotle’s proofs who does not know
that there exists besides the Aristotelian system another system of
logic more fundamental than the theory of the syllogism. It is the
logic of propositions. ... The first system of propositional logic was
invented about half a century after Aristotle: it was the logic of

133Gee Londey and Johanson, Apuleius, 37. For the Stoic themata and their role in Stoic
syllogistic, see Bobzien, ‘Stoic Syllogistic’, 142-51.

134proclus In Eucl. I 254. 21-256. 8 Friedlein, ps-Ammon. In An. Pr. 69. 11-25, Philop.
In An. Pr. 246. 15-247. 19, In An. Post. 292. 7-16, 293. 26-30; similarly, ps.-Themist. In An.
Pr. 94. 32-95. 8. While their analyses differ in some details, all of these commentators agree
that Aristotle’s proofs by reductio rely on the second Stoic indemonstrable, i.e., modus tollens
(I. Mueller, ‘Greek Mathematics and Greek Logic’ [‘Greek Logic’], in J. Corcoran (ed.), Ancient
Logic and Its Modern Interpretations (Boston, 1974), 35-70 at 59-61; K. Ierodiakonou, ‘A Note
on Reductio ad impossibile in Post-Aristotelian Logic’, in J.-B. Gourinat and J. Lemaire (eds.),
Logique et Dialectique dans I’Antiquité (Paris, 2016), 347-61 at 352-7).

135 Avicenna al-Shifa’: al-Qiyas 8. 3 408. 4-411. 7 Zayed (transl. W. Hodges, ‘Ibn Sina
on Reductio ad absurdum’, Review of Symbolic Logic, 10 (2017), 583-601 at 597-9); al-Najat:
al-Mantig 91 (transl. A. Q. Ahmed, Avicenna’s Deliverance: Logic (Oxford, 2011) at 79-80);
cf. Shehaby, Avicenna, 277-8; T. Street, ‘Arabic Logic’, in D. M. Gabbay and J. Woods (eds.),
Handbook of the History of Logic, vol. i: Greek, Indian and Arabic Logic (Amsterdam, 2004),
523-96 at 545—-7 and 576-7.

136gee Lukasiewicz, ‘Aussagenlogik’, 120-1; id., Syllogistic, 49 and 56-9; id., Elements of
Mathematical Logic (Warsaw, 1963) at 14 and 106-7; Patzig, Theory of the Syllogism, 151-6;
Mueller, ‘Greek Logic’, 56.
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the Stoics. ... It seems that Aristotle did not suspect the existence

of another system of logic besides his theory of the syllogism. Yet

he uses intuitively the laws of propositional logic in his proofs of

imperfect syllogisms. (Lukasiewicz, Syllogistic, 47-9)
If the point stands, then Aristotle’s use of reductio relies upon some underlying
system of propositional logic, such as the one developed by the Stoics. But, as
Smiley observes, ‘the deductive machinery of propositional logic ... is conspicuous
by its absence from Aristotle’s writings’.'3” Thus, Aristotle’s categorical syllogistic
appears lacking in that it makes tacit use of principles that lie outside the scope of
his own logical theory.

Theophrastus’ calculus provides the means to rebut this charge of deficiency on
Aristotle’s behalf. For, it allows a straightforward justification of the rule of reduc-
tio to be given in a natural extension of Aristotle’s categorical syllogistic. Thus,
while Theophrastus would presumably agree with Aristotle that reductio cannot
be analyzed within the strict bounds of the categorical syllogistic, he would not
accept that it must be treated as a primitive rule of inference. Rather, a derivation
of reductio from more basic principles is available once Aristotle’s syllogistic has
been extended so as to allow propositions to figure as terms. Crucially, this ex-
tension does not represent what Lukasiewicz describes as ‘another system of logic
more fundamental than the theory of the syllogism’. For Theophrastus’ calculus
remains essentially Aristotelian in character and goes beyond the core theory of the
categorical syllogism only in that it theorizes the logical behavior of a special class
of terms, namely, propositional terms.

Of course, the extant sources provide us with no direct evidence that Theophras-
tus intended his theory of propositional terms to provide a justification of Aristotle’s
use of reductio ad impossibile. But given that Theophrastus’ work on hypothetical
syllogisms arose in direct response to Aristotle’s promissory note to supply a com-
prehensive account of the various kinds of syllogisms from a hypothesis, and that
the most prominent class of such syllogisms countenanced by Aristotle are those by
reductio ad impossibile (Pr. An. 1. 23), it is natural to suppose that Theophrastus
intended the rule of reductio to fall within the purview of his theory. Assuming,
then, that the rule of reductio receives its justification from Theophrastus’ theory
of propositional terms, there remains a sense in which the authors cited above were
right to contend that Aristotle’s use of this rule relies on propositional modes of
reasoning.'®® Where they went wrong was in supposing that such modes of reason-
ing must originate from an autonomous system of propositional logic that cannot
be developed within the framework of Aristotle’s theory of the syllogism.

In addition to justifying Aristotle’s rule of reductio, Theophrastus’ calculus also
vindicates Aristotle in not mentioning any other laws of propositional logic in his
exposition of the categorical syllogistic, thus defending him against any charge of
illicit omission. For reductio is the one and only law of propositional logic licensed
by Theophrastus’ calculus that pertains to categorical propositions. This harmony
between Theophrastus’ calculus and Aristotle’s categorical syllogistic is not a trivial

137Smiley, ‘Syllogism’, 137.

138 pgee J. Corcoran, ‘Aristotle’s Natural Deduction System’, in id. (ed.), Ancient Logic and
Its Modern Interpretations (Boston, 1974), 85-131 at 85, who claims that Aristotle’s syllogistic
is ‘self-sufficient’ in that ‘it presupposes no other logical concepts, not even those of propositional
logic’.
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matter. Rather, it depends on the specific system of propositional logic generated
by Theophrastus’ calculus, namely, first-degree intensional linear logic, LI'. If the
calculus were to generate a stronger propositional logic, even a very weak one such
as the first-degree fragment of the relevance logic RMI, it could well license new
laws pertaining to categorical propositions that Aristotle would reject. One such
law that is valid in first-degree RMI is: ¢, =@ F .13 Whereas the vast majority of
propositional logics theorized today validate this law, LI' manages not to give rise
to this or any other anti-Aristotelian consequences.

Another distinctive feature of Theophrastus’ calculus is that no categorical propo-
sition is derivable from purely hypothetical premises:'4°
Theorem. For any multiset of propositions I' and any categorical proposition ¢:
if @ is derivable from I' in O, then I' contains at least one categorical proposition.

Once again, this theorem depends on the fact that the propositional logic generated
by Theophrastus’ calculus is LI', as most systems of propositional logic studied
today allow for the derivation of non-conditional formulae from conditional ones.'4!
For example, first-degree RMI validates the law traditionally known as consequentia
mirabilis: ¢ — —¢ F —p. Likewise, the Stoics accepted syllogisms of the form
¢ =0 —= Wk —p P

Given their view of hypothetical propositions, it is perhaps not surprising that
the Peripatetics would reject such syllogisms.!*® For, as we have seen, they took
hypothetical propositions not to make a complete assertion about what is, but
only an incomplete assertion about what consequences one thing’s obtaining has
for another thing’s obtaining. But how, one might wonder, could a collection of
incomplete, or hypothetical, assertions taken together ever amount to a complete,
or categorical, assertion to the effect that something obtains?

139Gee the discussion in n. 107.

1407 his can be seen by a simple induction on the definition of ®. If ® were to be strengthened
by adding to it the principle - AaA, it would no longer possess this feature since it would validate
laws such as AaA — ¢  p. Now, Aristotle seems to accept that AaA is always true (Pr. An. 2.
15, 64b7-13; see Lukasiewicz, Syllogistic, 9; A. N. Prior, Formal Logic, 2nd edn. (Oxford, 1962) at
169; Thom, The Syllogism, 982). There is, however, no indication that he intended this semantic
fact to be captured by a claim of derivability in his categorical syllogistic.

11Even recursive intensional linear logic, LI, validates laws such as (¢ — @) = ¢ F ¢.

142Olrig. Cels. 7. 15; see Bobzien, ‘Stoic Syllogistic’, 169-70; ead., ‘Stoic Logic’, 136-7 and
147; ead., ‘Stoic Proof Theory’, 21-2. Bobzien’s derivation of this law appeals to a cut rule which
incorporates an implicit use of contraction, whereby I', ¢ F 9 is derivable from T', ¢, ¢ F 1, and
hence is not admissible in linear logic.

143W . Kneale, ‘Aristotle and the Consequentia mirabilis’, Journal of Hellenic Studies, 77
(1957), 62-6 at 62 argues that consequentia mirabilis is employed by Aristotle in the Protrepti-
cus in an argument intended to establish that we must philosophize (Elias In Isag. 3. 17-20).
Similarly, it might be thought that Aristotle employs consequentia mirabilis in Metaph. T’ 8 in an
argument refuting the thesis that everything is true (1012b13-16). Against this, L. Castagnoli,
Ancient Self-Refutation: The Logic and History of the Self- Refutation Argument from Democritus
to Augustine [Self-Refutation] (Cambridge, 2010) at 75-9 and 187-96 (also id., ‘Self-Refutation
and Dialectic in Plato and Aristotle’, in J. L. Fink (ed.), The Development of Dialectic from Plato
to Aristotle (Cambridge, 2012), 27-61 at 46-59) argues that these arguments do not involve any
application of consequentia mirabilis, and that the same is true for all ancient ‘self-refutation’
arguments before Augustine (id., Self-Refutation, 28-9, 39, 63, 139-40, 270 and 355). See also
F. Acerbi, ‘There Is No Consequentia mirabilis in Greek Mathematics’, Archive for History of
Ezact Sciences, 73 (2019), 217-42.



THE ORIGINS OF PROPOSITIONAL LOGIC 49

In fact, there are independent reasons for attributing to the Peripatetics the view
that no categorical proposition is derivable from purely hypothetical premises. In
particular, this view seems to be presupposed by the early Peripatetic distinction
between wholly and mixed hypothetical syllogisms. Whereas the former were de-
fined by Theophrastus as those in which the premises and the conclusion are all
hypothetical, the latter were defined, more narrowly, as those which include both
categorical and hypothetical premises.'** Missing from this classification are syllo-
gisms in which all the premises are hypothetical and the conclusion categorical—an
omission that would be puzzling if the early Peripatetics did not outright preclude
the existence of such syllogisms.

Moreover, the exclusion of such syllogisms plays a crucial role in an early Peri-
patetic argument purporting to justify Aristotle’s claim that all syllogisms from a
hypothesis come about through the three figures of categorical syllogisms (Pr. An.
1. 23, 41a21-b5). The argument goes back to Theophrastus and is an important
source of insight into the way in which the early Peripatetics conceived of the re-
lationship between hypothetical and categorical syllogisms.'*> Consider a mixed
hypothetical syllogism. Its categorical premise must itself be the conclusion of a
further syllogism, for if not—the argument contends—the original mixed hypothet-
ical would not be a syllogism at all. The argument then proceeds on the assumption
that the categorical premise is derived by means of either a categorical syllogism
or yet another mixed hypothetical one.'*® In the former case, the argument has
succeeded, since it has been shown that the original mixed hypothetical rests upon
a categorical syllogism. In the latter case, the same argument is repeated until, at
some stage, the regress comes to a halt in a categorical syllogism upon which the
original mixed hypothetical rests.

A key assumption in this argument is that a categorical conclusion can only be
derived by means of either a categorical syllogism or a mixed hypothetical one. This
means that every syllogism with a categorical conclusion has at least one categorical
premise. This assumption is a substantive one, for it precludes the existence of
a syllogism with purely hypothetical premises and a categorical conclusion. As
we have seen, this assumption is vindicated by Theophrastus’ calculus. Given
the crucial role it plays in the regress argument, this distinctive and somewhat
peculiar feature of Theophrastus’ calculus turns out to be essential to his theory of
hypothetical syllogisms.

Another noteworthy assumption in the argument is that the categorical premise
of a mixed hypothetical syllogism must itself be the conclusion of a further syllogism.

1443ee nn. 5 and 6. The labels ‘mixed’ vs. ‘wholly’ suggest that the early Peripatetics took
them to provide an exhaustive classification of all hypothetical syllogisms. This exhaustivity is
corroborated by the opening sentence of Waitz’s scholium (Waitz, Organon, i. 9 = Bobzien,
‘Parallel to Boethius’, 287, §1), and by the scholium On All the Kinds of Syllogism, ed. Barnes
and Morison, Institutio logica i, 116. 6-11.

145The main sources for the argument are Alex. Aphr. In An. Pr. 262. 28-266. 5 = 112A
FHS&G, 388. 12-22 = 112B FHS&G, Ammon. In Int. 3. 15-30, ps.-Ammon. In An. Pr. 65.
35-66. 8, 67. 11-23. For the Theophrastean origin of the argument, see Alex. Aphr. In An.
Pr. 263. 13-14 = 112A FHS&G, 388. 17-20 = 112B FHS&G, along with Barnes, ‘Terms and
Sentences’, 287 n. 3; Bobzien, ‘Modus ponens’, 384 n. 66; M. Malink, ‘Hypothetical Syllogisms
and Infinite Regress’, in K. M. Vogt and J. Vlasits (eds.), Epistemology After Sextus Empiricus
(New York, 2020), 131-53 at 143-6.

146Barnes, ‘Terms and Sentences’, 287 n. 3.
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Why would Theophrastus endorse this claim? Alexander provides the following

explanation:!4”

el yép €ln 0 npoohouBoavéuevov'*® Belfewe uf) deduevoy GG povepdv
X0l YVOEWOV B¢ %ol TO cUVNUUEVOY, 0D 8V CUANOYLOUOC ETL & AdYOC
gln 6 TolobTog. 0UBE YaE Yeeloay cUANOYLOUOD Tival TV GEY TV TOV Tolo-
Utov noapéyecdon Aoyov oldv te* Bel Ydp TOV GUAAOYLOHOY Bewxvival, O
&veu 100 culhoyloachar 0% EGTL YVORWOV. TO HEV OUV GUVNUUEVOY
O¢ Yvopwov v tolg Unodetixolc, & Tpomxd Aéyouat, AopfBdvetol te
xol thheton ... Aelmeton 8¢ T mpocAopPoavépevov dupdogoluevoy
elvan, ¢ gnot Oedgpactog, ol deduevov dellewe. (Alex. Aphr. In
An. Pr. 263. 7-14 = 112A FHS&G)

If the co-assumption [i.e., the categorical premise] was not in need
of proof but was evident and known like the conditional premise, an
argument of this sort would no longer be a syllogism. For an argu-
ment of this sort cannot furnish anything of what is useful about a
syllogism at all, since a syllogism must prove something that would
not be known without syllogistic reasoning. In the hypotheticals,
then, which [the Stoics] call mode-forming [and which the Peripatet-
ics call mixed], the conditional is assumed and posited as known
.... It remains that the co-assumption is doubtful, as Theophrastus
says, and in need of proof.

As Michael Frede points out, this passage ‘can only be understood to mean that
Theophrastus, like Aristotle, maintained that hypothetical propositions do not ex-
press an assumption about the connection between states of affairs that may be
in need of proof, but that they express an agreement that something should count
as established or refuted when something else has been established or refuted’.**?
To commit oneself to such an agreement amounts to making a hypothetical, or
conditional, assertion. Thus, Frede in effect attributes to Theophrastus a condi-
tional assertion model of hypothetical propositions.!® This model comports with
Aristotle’s claim that syllogisms from a hypothesis are ‘agreed upon through a
convention’.'®* According to Bobzien, this claim suggests that, for Aristotle, the
agreement upon which a syllogism from a hypothesis is based plays the role of ‘a
contract that is “cashed in”, as it were, once [a certain proposition] is proved. It

147Similarly, ps.-Ammon. In An. Pr. 65. 35-66. 2, 67. 21-3.

148Here Alexander uses npochauBavéuevoy to refer to the categorical premise of a mixed hypo-
thetical syllogism. This use of npochopBavéuevov and npboindic is of Stoic origin (Alex. Aphr. In
An. Pr. 19. 4-5, 262. 6-9, 324. 16-18, ps.-Ammon. In An. Pr. 67. 16-20, 68. 4-14, Philop. In
An. Pr. 242. 34-243. 10 = 111B FHS&G; cf. Bobzien, ‘Alexander’, 217-20). Alexander clarifies
that the early Peripatetics used petahopBavopevov and yetdindic to refer to the categorical premise
of a mixed hypothetical syllogism, using the labels npochopBavéuevov and npbéohndic instead to
refer to the categorical premise of a prosleptic syllogism (263. 26-264. 5 = 112A FHS&G; quoted
above, text to n. 53).

149Frede7 Die stoische Logik, 16.

150gych a model is also attributed to Theophrastus by Sigwart, Hypothetisches Urtheil, 11-12.

151518 ouvdfnne duohoynuévor, Pr. An. 1. 44, 50a18-19. More specifically, Aristotle holds
that all syllogisms from a hypothesis other than those by reductio ad impossibile are based on
an agreement (oupohoyio, 1. 23, 41a40). See also 1. 44, 50a33-34; Top. 1. 18, 108b14-19; 2. 3,
110a37-110b4; cf. J. Lear, Aristotle and Logical Theory (Cambridge, 1980) at 39-43; Bobuzien,
‘Modus ponens’, 366-72.
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would then have a pragmatic dimension to it. In any case, the agreement seems to
differ from a conditional statement or sentence in that it has no truth-value’.1%?

There are various ways of spelling out a theory of conditional assertion and
these may differ in important respects on matters of detail. For instance, what
is the ontological status of the agreement underlying a conditional assertion? Are
the conditionals which express conditional assertions, in some sense, truth-bearers?
What are the epistemic attitudes that one can adopt toward such conditionals?
The extant sources do not afford us the material to provide a complete recon-
struction of the Peripatetic account of hypothetical propositions at this level of
detail. Nor is it clear that there was unanimity of opinion among the Peripatetics
about such matters. Nevertheless, the fact that Theophrastus adopted a condi-
tional assertion model of hypothetical propositions can already help us to gain a
better understanding of why he would insist that the conditional premise in a mixed
hypothetical syllogism is not ‘doubtful’ but ‘evident and known’.'®® For while it
makes sense to adopt an attitude of doubt toward a factual proposition, what does
it mean to doubt an agreement or contract other than perhaps to call into ques-
tion its existence? But if the existence of the agreement is called into doubt, then
so too is the existence of the hypothetical syllogism. For, absent such an agree-
ment, the argument in question simply amounts to a potentially invalid inference
from one categorical proposition to another. Or, as pseudo-Ammonius puts it, ‘if
the conditional were to be doubtful, it is also doubtful that these syllogisms are
hypothetical’.14

A conditional assertion model of hypothetical propositions can also help to ex-
plain Theophrastus’ insistence that the categorical premise in a mixed hypothetical
syllogism is ‘doubtful’ and ‘in need of proof’. For, if you conditionally assert a claim
on a hypothesis that is already evident to you, then arguably in so doing you have
asserted that claim unconditionally. No reasoning is involved in bringing about this
last assertion so that ‘there is no use for a hypothetical syllogism at all’.!>® In a
mixed hypothetical syllogism, therefore, there is no room for both premises to be
evident, for a syllogism ‘must prove something that would not be known without
syllogistic reasoning’.1%°

Thus, Theophrastus’ regress argument can be seen as a natural development
of the view that hypothetical propositions express conditional assertions. In this,
the early Peripatetics are in agreement with such recent thinkers as Adams and
Edgington who advance conditional assertion accounts of conditionals. At the core
of these accounts is a view of conditionals described by Quine as follows:

An affirmation of the form If ¢ then 1 is commonly felt less as
an affirmation of a conditional than as a conditional affirmation
of the consequent. If, after we have made such an affirmation, the

152Bobzien7 ‘Modus ponens’, 369. Similarly, Crivelli, ‘Syllogisms From a Hypothesis’, 147.

153gee also Alex. Aphr. In An. Pr. 265. 3-5. Elsewhere, Alexander considers the possibility
that the conditional premise is in need of syllogistic justification (263. 22-5 = 112A FHS&G; cf.
Ammon. In Int. 3. 20-1).

154 Ydp du@Bdhhoito 1O cuvnupévov, aueBdiieton xol to LrodeTixole avtolg elvon, In An.
Pr. 65. 39-66. 1.

155608 trodetinod culoyiopod yeela, ps.-Ammon. In An. Pr. 66. 2.

15657 Y TOV GUAAOYLOWUOV devival, 6 dveu ToD cuAhoyicacdu o0x Eott yYvmpeidov, Alex. Aphr.
In An. Pr. 263. 10-11, see also 265. 5-8.
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antecedent turns out true,'®” then we consider ourselves committed
to the consequent, and are ready to acknowledge error if it proves
false. (W. V. O. Quine, Methods of Logic (New York, 1952) at 12;
with notational adjustments)

Many of the characteristic features of modern theories of conditional assertion are
already apparent in the Peripatetic account of hypothetical propositions. Thus, just
as the Peripatetics deny that hypothetical propositions make a categorical assertion
to the effect that something obtains, so too Edgington denies that conditionals are
‘fact-stating’ propositions which purport to represent the world as being a certain
way: '8

Could it be that the mistake philosophers have made, in trying to
understand conditionals, is to treat them as part of fact-stating
discourse—as representing the world as being a certain way—and
that this is not their function? If so, pressing questions arise. What
are we doing when we say or think that if ¢, 1, if not saying or
thinking that this is how things are? What do we aim at, if not to
state or think the truth? What is it to be right or wrong in so saying
or thinking? How are we to understand the role of conditionals in
arguments, if not in terms of preserving truth? (Edgington, ‘On
Conditionals’, 280-1; with notational adjustments)

Moreover, like the early Peripatetics, modern defenders of the conditional assertion
model acknowledge that conditionals are not freely recursive but are subject to
severe restrictions regarding the syntactic contexts into which they can be embed-
ded. As Edgington notes, ‘compounds of conditionals are hard: much harder than

I57E, W. Adams, ‘The Logic of Conditionals’ [‘Conditionals’], Inquiry, 8 (1965), 166-97 at
196 n. 4 regards conditional statements as ‘statements made conditionally, the condition being
that the antecedent be true, and the consequent being what is asserted subject to that condition’.
Similarly, D. Edgington, ‘On Conditionals’, Mind, 104 (1995), 235-329 at 290 suggests that ‘a
conditional assertion If ¢ then 1 is an assertion of ¢» when ¢ is true’. Both of these accounts are
‘externalist’ in that whether the antecedent is discharged and the consequent asserted depends on
an external condition, namely, whether the antecedent is true (similarly, N. D. Belnap, ‘Conditional
Assertion and Restricted Quantification’, Nois, 4 (1970), 1-12 at 3; K. DeRose and R. E. Grandy,
‘Conditional Assertions and “Biscuit” Conditionals’, Nods, 33 (1999), 405-20 at 407). W. V. O.
Quine, ‘Comments on Belnap’s “Conditional Assertion and Restricted Quantification”’, Nods, 4
(1970), 12 is skeptical of such externalist accounts on the grounds that they ‘must somehow cause
meaning, or what proposition a sentence asserts, to depend on a factual truth’. In taking the
consequent of a conditional assertion to be asserted on the condition that ‘the antecedent turns
out true’ (rather than its simply being true), Quine may be seen as endorsing a more ‘internalist’
conception of conditional assertion. Likewise, Theophrastus’ regress argument seems to be based
on an internalist account of conditional assertion whereby the consequent is asserted when the
antecedent is evident to—or perhaps known by—the speaker.

158Fdgington goes further, maintaining that conditionals are best understood as lacking a
truth-value (see also E. W. Adams, The Logic of Conditionals: An Application of Probability to
Deductive Logic [Logic of Conditionals] (Dordrecht, 1975) at 1-42; J. Bennett, A Philosophical
Guide to Conditionals (Oxford, 2003) at 94-113; W. G. Lycan, ‘Conditional-Assertion Theories
of Conditionals’, in J. Thomson and A. Byrne (eds.), Content and Modality: Themes from the
Philosophy of Robert Stalnaker (Oxford, 2006), 148-63 at 158—62). Bobzien, ‘Ammonius’, 112-15
attributes this same view to Ammonius. But it is unclear whether such a view was shared by all
Peripatetics. For example, Alexander seems to assume that hypothetical propositions are truth-
evaluable when he writes that ‘a hypothetical proposition ...has truth and falsehood based on
consequence and conflict’ () yap UnodeTtiny .. . v dxohouvdia # wdyn to dAndec 7| T Yebdoc Exel, In
An. Pr. 11. 19-20).
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one would expect if conditionals have truth conditions’.!® For this reason, the
well-known logic of conditional assertion developed by Adams is formulated in a
non-recursive language which does not allow for any nested conditionals but admits
only conditionals of first degree.!% In this respect, the syntax of Adams’s logic is
exactly the same as that of Theophrastus’ calculus.!6!

Notwithstanding their shared syntax, Theophrastus’ calculus differs significantly
from Adams’s logic. One difference is that the latter fails to validate the transitivity
of the conditional, ¢ — 9,1 — x F ¢ — x.1%2 Moreover, unlike Theophrastus’
calculus, Adams’s logic validates consequentia mirabilis and other laws which license
the derivation of non-conditional formulae from purely conditional ones.'®® These
differences are reflective of different underlying conceptions of conditional assertion,
each perhaps with its own distinctive theoretical virtues. Nonetheless, the close
structural similarities that exist between Adams’s logic and Theophrastus’ calculus
speak to a common outlook on the general nature of conditionals and their role in
logical inference.

In light of the relative priority that the Peripatetics afforded to categorical over
hypothetical logic and the apparently rudimentary modes of hypothetical reasoning
that they countenanced, it might be tempting to conclude that the early Peripatet-
ics did not develop a propositional logic of any significance. This view is implied by
Lukasiewicz’s claim that ‘the first system of propositional logic was invented about

159D Edgington, ‘General Conditional Statements: A Response to Kélbel’, Mind, 109 (2000),
109-16 at 115. Similarly, A. Appiah, Assertion and Conditionals [Assertion] (Cambridge, 1985)
at 205-10.

16OAdams7 ‘Conditionals’, 184; id., ‘Probability and the Logic of Conditionals’ [‘Probability’],
in J. Hintikka and P. Suppes (eds.), Aspects of Inductive Logic (Amsterdam, 1966), 265-316 at
270.

161ynlike Theophrastus’ calculus, Adams’s logic allows for conjunctions, disjunctions and other
truth-functional compounds to serve as antecedents and consequents of conditionals. We will have
more to say about the absence of extensional connectives in Theophrastus’ calculus below.

162 A dams proposes the following counterexample to transitivity: If Jones wins the election,
Smith will retire. If Smith dies before the election, Jones will win. Therefore, if Smith dies
before the election, he will retire (Adams, ‘Conditionals’, 166; id., ‘Probability’, 268; id., Logic
of Conditionals, 16). As we have seen (text to n. 31), similar putative counterexamples to first-
figure wholly hypothetical syllogisms were put forward in antiquity, such as: If it is not night, it
18 day. If nothing is, then meither is there might. Therefore, if nothing is, it is day. Alexander
argues that such arguments are fallacious on the grounds that they involve an illicit shift in the
use of the middle term (In An. Pr. 374. 23-35). Thus, from a Peripatetic perspective, modern
theorists err when on the basis of such arguments they conclude that transitivity is one of the
‘paradigmatic invalidities of conditional logic’ (P. Egré and H. Rott, ‘The Logic of Conditionals’,
in E. N. Zalta (ed.), The Stanford Encyclopedia of Philosophy (Winter 2020 edn.), at §3. 3).
Transitivity is, of course, invalid in Adams’s probabilistic semantics for the conditional (Adams,
‘Conditionals’, 188-9; id., ‘Probability’, 300; Edgington, ‘On Conditionals’, 285-6). There is,
however, no evidence to suggest that the Peripatetics would have been at all inclined to spell out
the meaning of conditionals in a probabilistic framework.

163This difference may be due to the fact that Adams adopts an externalist conception of
conditional assertion whereas Theophrastus likely adopted an internalist one (see n. 157). For
the externalist, only the consequent but not the antecedent of the conditional falls within the
scope of an epistemic modality such as ‘it is evident that...” or ‘it is known that...’. Assuming
that the modality in question is factive, consequentia mirabilis may be justified as follows. Given
@ — —p, suppose for contradiction that ¢. On the externalist view, this implies O-¢p (where O
is the relevant modality). But by the factivity of 0, it follows that —¢. Contradiction. No such
justification of consequentia mirabilis is available on an internalist reading of the conditional, on
which the antecedent, too, is governed by [J.



54 THE ORIGINS OF PROPOSITIONAL LOGIC

half a century after Aristotle: it was the logic of the Stoics’. Similarly, Bobzien
suggests that, owing to its restriction to first-degree conditionals, the theory of hy-
pothetical syllogisms developed by the early Peripatetics ‘falls short of deserving
the title propositional logic’.'®* The preceding discussion, however, suggests a dif-
ferent perspective. Instead of it being an inchoate and partial treatment of a much
larger and more significant topic, Theophrastus’ theory of hypothetical syllogisms
presents a complete account of what, for the Peripatetics, is an inherently limited
branch of logic—one which deals with arguments whose ‘usefulness and syllogistic
character is bestowed upon them by categorical syllogisms’.*%® From this perspec-
tive, modern systems of propositional logic are based on an overinflated valuation of
reasoning involving complex propositions, exaggerating the scope of such reasoning
and legitimating laws which, in fact, ought to be rejected.

If the primary aim of syllogistic reasoning is to establish new categorical truths
and the conditional assertions expressed by hypothetical propositions have only an
auxiliary role to play in deriving such truths, it is natural to relegate the theory of
hypothetical syllogisms to a secondary position. Thus, the minimality and limited
scope of Peripatetic propositional logic should not be seen as owing to any short-
coming in Theophrastus’ theory, but rather to the intrinsic deficiency of its subject
matter. As Ammonius puts it:

TO XATNYOPIXOV NIV YoVOV EI80¢ ToD drogavtixod Aéyou Tapadidwoty
6 Aplototéhne b abtoterEg xol ypriowov Tpoc Tog dnodeiels, TO
8¢ ye UmoYeTixov (¢ EAMTES OV xol deduevov maviwe Tiic Bt To
xaTNyoeixod TEAELOTNTOC 0LBOUOU TEONYOUUEVNS GELOTEL OTIOLDTG.
(Ammon. In Int. 3. 15-19)

Aristotle teaches us only the categorical kind of assertoric sentence,
since it is complete in itself and useful for demonstrations, but the
hypothetical, since it is defective and utterly lacking the completion
of the categorical, he will never judge worthy of primary concern.

7. BEYOND THEOPHRASTUS’ ANALOGY

Theophrastus’ theory of wholly hypothetical syllogisms is based on an analogy
between the antecedents and consequents of conditionals, on the one hand, and the
subject and predicate terms of a-propositions, on the other. It is natural, then, to
ask whether and, if so, how Theophrastus might have thought to extend this analogy
beyond the core case of a-propositions so as to ascribe propositional significance to
e-, i-, and o-propositions as well.

Let us first consider hypothetical e-propositions. The most straightforward way
to interpret such propositions is by means of the principle of propositional obversion,
according to which we is equivalent to a1 or, by Theophrastus’ core analogy, to
1) — —p. As we have seen, this reading of hypothetical e-propositions is employed in
the Byzantine Logica et quadrivium to reduce some wholly hypothetical syllogisms
to second-figure categorical moods such as Camestres.

At the same time, there is a prominent strand in the texts indicating that some
Peripatetic logicians may have construed hypothetical e-propositions in another
way. This alternative construal is suggested by the standard Peripatetic twofold

164Bobzien, ‘Ammonius’, 103. Cf. n. 2 above.

165_ ~_ ¢ o , o N o N ~
Tolg UTEO’l()ETL}(OLC oy )\O‘YOLC TO ELYPENOCTOV XAl TO GU)\)\O‘YLCTL}(OV NAEL TTARA TWV KATNYORLUWYV

culhoyiopdy, Alex. Aphr. In An. Pr. 265. 17-19.
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classification of hypothetical propositions into those which express cohesion (cu-
véyeta) or consequence (dxohoudia), on the one hand, and those which express sep-
aration (Sidotaoic), division (Siadpeoic), or conflict (udym), on the other.'®® Recall
the following passage from Ammonius (text to n. 111 above):

o Umo¥eTnds Anogdvoels .. .0 FAANG ... oS FAANY xaTnyoplxiic

TPOTAcEWS 1) dxoloudiay 7] Bldotacty onuaivouct, cuvdéouoo adTig

TPOC GANANAS 1) TE CUUTAEXTIXE 1) T DalEUXTINE TEPOCUY OPEUOUEVE)

ouvdéopw. (Ammon. In Int. 3. 31-4. 2)

Hypothetical assertions ... signify either the consequence or the sep-

aration of one categorical proposition in relation to another, con-

necting them together either by what is called the ‘conjoining’ or

the ‘disjoining’ connective.
Here, Ammonius distinguishes two connectives by means of which hypothetical
propositions can be constructed from categorical ones. The first of these con-
nectives, the ‘conjoining’ one, results in a hypothetical proposition expressing the
relation of consequence, that is, a conditional. The second connective, the ‘disjoin-
ing’ one, results in what Ammonius calls a ‘disjunctive’ (dieleuypévov) hypothetical
proposition expressing the relation of separation.!®” There is some uncertainty in
the sources as to how exactly such disjunctive hypothetical propositions were ex-
pressed in natural language. Nevertheless, it is clear that they were intended to ex-
press some sort of mutual exclusion or conflict between the two disjoined categorical
propositions. At the same time, we know that Theophrastus took e-propositions
to express the relation of one term being disjoined (dnelevypévov) or separated
(xeyderoton) from another.'®® While the sources do not specifically apply this ter-
minology to propositional terms, it is natural to suppose that a Peripatetic logician
seeking an account of disjunctive hypothetical propositions within the framework
of Theophrastus’ theory might have identified them with e-propositions relating
propositional terms.

How well does this reading fit with the early Peripatetic treatment of disjunc-
tive hypothetical propositions expressing conflict? In his Institutio logica, Galen
distinguishes two kinds of conflict, which he calls ‘partial’ and ‘complete’:

T YaE TOL Py XOWOV UEV EYEL TO U] CUVUTHPYELY TO Loty OUEVL, BLo-
(QEPEL BE TG TVAL MEV TEOC TG U CUVUTEEYEWY UNdE cuvamdAlucou
duvaolon, Tiol 8¢ xol ToUY Drdpyewv. dTory oUv €V povov adTolg TO U

166For this twofold classification, see Gal. Inst. log. 3. 1; 3. 4; 14. 2; Alex. Aphr. In
An. Pr. 11. 19-20. Alcinous writes that ‘hypothetical propositions are those which express
either consequence or conflict’ (Unodetixol 8¢ elow al dxohoudiav dnhoboan 1 wdxnv, Didask. 6,
158. 16-17 Whittaker). See Bobzien, ‘Pre-Stoic’, 58-61; Barnes, Truth, etc., 523-4; Barnes and
Morison, Institutio logica i, 423—4. Bobzien, ‘Galen’, 62; ead., ‘Alexander’, 208—20 argues that
the labels ‘consequence’ and ‘conflict’ are of Stoic provenance, and that the early Peripatetics
instead used the labels ‘cohesion’ and ‘division’, respectively. On the other hand, J. S. Kieffer,
Galen’s Institutio logica [Galen] (Baltimore, 1964) at 7681 argues that the labels ‘consequence’
and ‘conflict’ are of Peripatetic origin. We will use this pair of labels, whatever its origin, to refer
to the two relations underlying the Peripatetic account of hypothetical propositions.

167 Ammon. In Int. 3. 20-1, 67. 11-14, 73. 25-33 (see Bobzien, ‘Ammonius’, 109-11). See
also Gal. Inst. log. 3. 3-5 = 111D FHS&G.

168Alex. Aphr. In An. Pr. 31. 4-10 and 34. 13-15 = 90A FHS&G; 220. 9-16 = 102A
FHS&G; Philop. In An. Pr. 48. 12-18 = 90B FHS&G. This account of the meaning of e-
propositions gained acceptance in the later Peripatetic tradition; see Ammon. In Int. 185. 14-18.
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CUVUTIIRYELY EAMTAC EGTLY 1) UdyT), 6Ty B€ ol ToUto TO U cuvamdA-
huoda tehelo. (Gal. Inst. log. 4. 2)

Conflicts have it in common that the conflicting items do not obtain
together; and they differ in that some, in addition to not obtaining
together, cannot fail together either, whereas others can in fact
do so. When they possess only the one feature of not obtaining
together, the conflict is partial; when they also possess the feature
of not failing together, the conflict is complete.

According to Galen, two states of affairs are in partial conflict just in case they
cannot jointly obtain; they are in complete conflict if, in addition, they cannot
jointly fail to obtain.'%? In other words, two propositions are in partial conflict if
they are mutually exclusive; they are in complete conflict if they are both mutually
exclusive and exhaustive.

As Galen notes, hypothetical propositions expressing partial and complete con-
flict give rise to different hypothetical syllogisms:

%xotd uev obv Ty TeAeloy pdymv dVo cucThoovTaL GUANOYLOUOL TpOo-
oAAUPBovOvVTLY MUY fiTol Ye Umdpyew 1 U Dndpyey 1O ETepoy aUTEY,
EmpepovTLY 8¢ Ydtepov oy Undpyewy yev étov Lndpy, Ldeyety B¢
dtov oby Umdpyn xotd 8 thy ENnd wlo uev A npdondic,'™® Ev
TV Hoyouévwy Undpyety, €V B xol TO cuumépacpa, U Undpyey TO
howdy. (Gal. Inst. log. 5. 3; similarly, 4. 3 and 14. 10-11.)
Based on complete conflict two syllogisms will come about, when
we co-assume either that one of them obtains or that it does not
obtain, and we infer that the other does not obtain (when the former
does) or that it does obtain (when the former does not). But based
on partial conflict there is a single co-assumption, that one of the
conflicting items obtains, and also a single conclusion, that the
remaining one does not.

Thus, partial conflict licenses a mode of mixed hypothetical reasoning in which one
of the two conflicting propositions is posited and the negation of the other inferred.
Complete conflict licenses a further mode of mixed hypothetical reasoning in which
the negation of one of these propositions is posited and the other inferred. Given
this distinction, hypothetical e-propositions in Theophrastus’ calculus are better
interpreted as expressing partial rather than complete conflict, since they license
only the former mode of reasoning. We may thus introduce a new binary connective
7 intended to express partial conflict, and stipulate that ¢ 1 1 be interpreted as the
hypothetical e-proposition ep. Clearly, Theophrastus’ calculus validates Galen’s

169Stakelum, Galen, 30—4; Bochenski, Formale Logik, 138; Mau, Galen, 11-12; Kieffer, Galen,
13; Barnes, Truth, etc., 520. Pace Bobzien, ‘Galen’, 63-73; J. Barnes, ‘What Is a Disjunction?’, in
D. Frede and B. Inwood (eds.), Language and Learning: Philosophy of Language in the Hellenistic
Age (Cambridge, 2005), 274-98 (reprinted in Barnes, Logical Matters, 512-37), at 289-90; B.
Morison, ‘Logic’, in R. J. Hankinson (ed.), The Cambridge Companion to Galen (Cambridge,
2008), 66-115 at 96; and Barnes and Morison, Institutio logica i, 436, who attribute to Galen
the view that states of affairs are in partial conflict just in case they cannot jointly obtain but
can jointly fail to obtain. This view does not sit well with the fact that Galen refers to partial
conflict simply as ‘conflict’ (Inst. log. 14. 5), where conflict is defined as relating things which
never obtain together (14. 7).

170For the use of npbdoindic to refer to the categorical premise of a mixed hypothetical syllogism,
see n. 148. See also Barnes and Morison, Institutio logica ii, 443.
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mixed hypothetical syllogisms for partial conflict:

p, ot
o, Tk

At the same time, Theophrastus’ calculus also validates laws of partial conflict
that are not mentioned by Galen, such as:

p—=>YEpty
et x > ek x Ty

What these laws have in common is that their conclusion is hypothetical, but
nowhere in the Institutio logica does Galen mention such arguments. Indeed, it is
striking to note that, while the topic of hypothetical syllogisms is treated at length
in the Institutio, throughout this work Galen makes no reference whatsoever to
wholly hypothetical syllogisms.!” This is in line with the attitude of skepticism
evinced by some Peripatetics as to the usefulness of wholly hypothetical syllogisms
and their rightful inclusion within syllogistic proper:

Byenotov yap npog det€iv xol Yéotv tol elval Tt 10 Bl GAwv UrnodeTtixnov

BV cLUAOYIOUGY Eldog olte yap Undpyety Tl Tivi obTe Ui Udeyety

olte xoddhou 00T Eml uépoug delxvuton B adTESy, 6 Blov einev elvon

cLAoYIoPOD. BLO %ol 1) BLd TEWSY dywyl LYLNE Pev av eln, g debevu-

Tat, o0 UNy %ol cLAROYIoTIXH Qv anAdc Aéyorto. (Alex. Aphr. In

An. Pr. 265. 13-17)

The wholly hypothetical form of syllogisms is useless for proving

and positing that something is, for one cannot prove by means of

them that something holds or does not hold of something either

universally or particularly, which Aristotle said is a characteristic

property of a syllogism. Therefore, the argument that comes about

through three items [i.e., a wholly hypothetical syllogism'7?] may

indeed be valid, as has been proved, but it cannot be said to be

syllogistic without qualification.
Alexander here maintains that an argument counts as a syllogism in the unqualified
sense of the term only if it can be used to prove that something obtains, that is,
only if it has a categorical conclusion.'™ Since wholly hypothetical syllogisms have
hypothetical conclusions, they do not satisfy this requirement and are therefore
syllogisms only in a qualified sense.'™ By contrast, mixed hypothetical syllogisms
do count as genuine syllogisms by this standard:

0UBE cUNNOYLOUOL XLPlwe ol ATABC Exelvol, dAAL TO Aoy Tolto €€

Unodéoewe cuhhoyiopol: oUBEV Yap elvon 1 un elvon dewxvbousty. ol

HEV ydp mpoeipnuévol €€ bnoléoeng xol culhoyiouol: dewviouot ydp

L Umdipyey 7 i) Umdpyewv ol 8¢ Tooltol undev tololitov dexxviovTeg

171Barnes and Morison, Institutio logica i, 1139-45.

172For Alexander’s use of the phrase d& tel®v to refer to wholly hypothetical syllogisms, see
n. 21.

173Similarly, In An. Pr. 348. 18-19. Alexander maintains that ‘an argument that does
not provide the usefulness of a syllogism is not a syllogism at all’ (0 8¢ un nopeyduevos THy ToD
culoYLopol xeelav Adyoc oude culhoyioude, In Top. 9. 27-8; see Barnes, Truth, etc., 457-63).

174Fyede, ‘Stoic vs. Aristotelian Syllogistic’, 25. Alexander is here presupposing that, unlike
categorical propositions, hypothetical propositions are not part of factual discourse since they do
not assert that something obtains (see Barnes, ‘Terms and Sentences’, 308). Cf. text to n. 149.
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oUXETL 0UBE amAGe ouhhoyiopol. (Alex. Aphr. In An. Pr. 326.
12-17)

Wholly hypothetical syllogisms are not even syllogisms in the proper
sense and without qualification; instead, they are called by the en-
tire designation ‘syllogisms from a hypothesis’. For they do not
prove that anything is or is not. The aforementioned syllogisms
from a hypothesis [i.e., mixed hypothetical ones'™] are also syllo-
gisms since they prove that something obtains or does not obtain.
But those of the wholly hypothetical sort, since they do not prove
any such thing, cease even to be syllogisms without qualification.

Thus, within the Peripatetic theory of hypothetical syllogisms an important dis-
tinction was drawn between those with a categorical conclusion and those with a
hypothetical one. The former were held to be useful on the grounds that they can
be used to prove that something obtains; the latter were held to be useless for
this purpose. This perceived lack of utility can help to explain the absence of any
reference to wholly hypothetical syllogisms in Galen’s Institutio logica. For, as its
title indicates, the Institutio is an introductory text, and Galen maintains that ‘in
an introductory treatment of syllogisms one must not leave out any of the useful
ones, but examinations of the superfluous ones should not be expounded’.!”®

It is therefore not surprising that Galen would take no interest in those laws
derivable in Theophrastus’ calculus in which the conclusion is a hypothetical propo-
sition. Instead, we would expect him to attend exclusively to what he would have
regarded as the ‘useful’ fragment of the calculus, consisting of just those arguments
with a categorical conclusion. This fragment is captured by the following calculus,
which we call G for ‘Galen’:

Definition 9. The calculus G is the smallest relation - between multisets of propo-
sitions and propositions which both contains the calculus A (as specified in Defini-
tion 8) and satisfies:

consequence: @, ayp 1 and -, pay F -

conflict: w,peh -1y and w,Yep
cut: IfT,pF Y and AF ¢, then I', A F 4.

The following theorem asserts that the calculus G is exactly the useful fragment of
Theophrastus’ calculus, i.e., the fragment consisting of all and only valid arguments
with a categorical conclusion:*"”

Theorem. For any multiset of propositions I' and any categorical proposition ¢:
@ 1is deriwable from T in O iff ¢ is deriwable from T in G.

175866 In An. Pr. 324. 16-19 and 325. 33-326. 8. For the translation of 326. 14-15, see
Mueller, Alexander 1.23-31, 117.

L7654, Yap ToC eloaywydc adTéy 0LdEY Bel TV yenoluwy noapaleinteodor, Tolg & ENéyyouc T&BY
neptttdy Un AMéyeodou, Inst. log. 19. 5 (similarly, 14. 3). See J. Barnes, ‘Galen and the Utility of
Logic’, in J. Kollesch and D. Nickel (eds.), Galen und das Hellenistische Erbe (Stuttgart, 1993),
33-52 at 35-7; id., Truth, etc., 458. As Morison, ‘Logic’, 69 notes, ‘Galen’s whole attitude to
logical theory is dictated by his insistence that logic is to be studied only insofar as it contributes
to the construction of demonstrations’.

177See Theorem 28 in Appendix C2.
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Thus, G is the natural system to adopt for a Peripatetic working in Theophrastus’
tradition who shares the utilitarian perspective on logic advocated by Galen or
Alexander.

One important difference between Theophrastus’ full calculus and the fragment
G is that the latter does not contain the principle of propositional obversion, simply
because this principle does not have a categorical conclusion. As a result, in the
calculus G, hypothetical e- and a-propositions appear as two mutually irreducible
species of proposition, each characterized by its own distinct laws and neither explic-
itly definable in terms of the other. Accordingly, the propositional logic generated
by G is best formulated in a language which includes the two connectives — and 1
expressing consequence and conflict, respectively. In this language, G validates all
and only those propositional laws derivable from the following principles:

modus ponens: @, — PP
modus tollens: —p, 1 — @ F =)

conflict: o, oTYFE—Y and YTk
reflexivity: pFoe
cut: Ifr,pF ¢ and AF @, then I'y A F 1.

Modus ponens, modus tollens, and conflict are the main laws mentioned by Galen
in his account of hypothetical syllogisms based on consequence and partial con-
flict.!™® Thus, when hypothetical e-propositions are taken to express partial con-
flict, Galen’s account of hypothetical syllogisms in the Institutio logica matches
exactly the propositional logic generated by the useful fragment of Theophrastus’
calculus. This vindicates Galen’s proclamation that his account comprehends all
of the syllogisms involving hypothetical propositions that are useful for proofs:

ol Ydp £€ LmOVeTIXEY TPOTACEWY YLIYVOUEVOL GUAAOYLOMOL XATO [E-
TdBootv &y’ ETépou mpdypatog €@’ Etepov Emitehobvton 8L dxohoudiog
1 wéyne Ytot ¥ EMhinolic Exatépog 1) Telelag, xol teltov mopd TodTog
Yévog oUBEY €07l Tiic A’ ETépou petafdoews €9 Etepoy eic dnddelty
xehowov. (Gal. Inst. log. 14. 10)

Syllogisms which come about from hypothetical propositions are

completed by a transition from one thing to another by means of

178Gal. Inst. log. 5. 3 and 5. 5 (quoted above, text to nn. 126 and 170). The hypothetical
syllogisms based on complete conflict stated by Galen in 5. 3 can be integrated into this system
by introducing a new binary connective, J, expressing complete conflict and governed by two
conservative elimination rules: ¢ $ ¥ F ¢ T ¢ and ¢ § ¥ b —¢ T —¢. Galen additionally
considers hypothetical syllogisms based on multigrade conflict between more than two propositions
(5. 4). These may be integrated into Theophrastus’ theory by introducing the device of plural
propositional terms (as outlined in n. 198). We set aside Galen’s remarks on syllogisms that
involve ‘paradisjunctions’ (5. 1, 6. 7, 15. 1-11), since these are not of Peripatetic but Stoic origin
(see Bobzien, ‘Galen’, 73-6, 80-84 and 93-5).
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consequence or conflict, either of which may be partial or com-
plete;'™ and apart from these there is no third kind of transition

from one thing to another which is useful for proofs.

What then are we to make of the ‘useless’ remainder of Theophrastus’ calculus,
which includes the theory of wholly hypothetical syllogisms? If such syllogisms are
indeed useless, as Galen and Alexander maintained, why should Theophrastus have
considered it worthwhile to give them a systematic treatment? While arguments
with a hypothetical conclusion may not be of immediate use for proving categorical
claims, perhaps their utility lies elsewhere. Theophrastus certainly saw a role for
such arguments in the context of his foundational project of reducing all hypothet-
ical syllogisms to the three figures of Aristotle’s categorical syllogistic. Thus, for
example, first-figure wholly hypothetical syllogisms of the form Barbara serve to
motivate the analogy between conditionals and a-propositions that lies at the heart
of Theophrastus’ project. Likewise, as we have seen, the principle of propositional
obversion plays an indispensable role in providing a categorical justification for such
hypothetical modes of reasoning as contraposition and reductio. In this way, argu-
ments with a hypothetical conclusion are central to Theophrastus’ implementation
of the Peripatetic program. Such academic considerations, however, would have
done little to move so practically-minded an author as Galen. For he evinced no
interest in the theoretical ambitions of the Peripatetic program and, more generally,
saw as pointless foundational debates over the relative priority of categorical and
.180

hypothetical logic:
AN Ttepl PEV TGV ToloVTwY dupioBntroewy olte ebpely olte dyvo-
floow péyar yer Yop GUPOTERO TO UEPT YLYVWOXEWY TGV CUANOYLOUGY
ol To0T €Tl 1O Ypriowov, 6voudlety de ToLg ETépouc 1) BLddoxEY Tpo-
TEPOUC WS EXACTR Pihov: oL uny éxclvoug ve dyvoeioBan Tpootixey.
(Gal. Inst. log. 7. 3)
As far as such disputes are concerned, it is no great matter whether
you discover the truth or remain in ignorance. For you need to know
both kinds of syllogism [categorical and hypothetical|—that is what
is useful. You may call syllogisms of the one kind prior or teach

179%hile Galen does not explain the distinction between partial and complete consequence,
he seems to assume that a state of affairs is a partial consequence of another if the former is a
consequence of the latter, and a complete consequence if, in addition, the latter is a consequence
of the former (Stakelum, Galen, 47-53; K. Berka and R. Hosek, Galénos: Uvod do logiky (Prague,
1958) at 18-19; Mau, Galen, 44-5; pace Barnes and Morison, Institutio logica i1, 827). Accordingly,
the hypothetical syllogisms based on complete consequence mentioned by Galen in Inst. log. 14.
11 can be integrated into the above system by introducing a new binary connective, <+, expressing
complete consequence and governed by two conservative elimination rules: ¢ <> ¥ F ¢ — 1 and
@ < Y F Y — ¢. Against this, Bobzien, ‘Galen’, 63; ead., ‘Peripatetic Conditionals’, 19-21
attributes to Galen the view that complete consequence does not entail, but is incompatible
with, partial consequence on the grounds that the former relation is symmetric and the latter
asymmetric. However, this interpretation does not sit well with Galen’s use of the analogous
terminology of ‘complete’ and ‘partial’ conflict to describe non-exclusive relations the latter of
which entails the former (see n. 169); see Stakelum, Galen, 48-9; Kieffer, Galen, 81.

180Kieffer, Galen, 94-5. This lack of interest in the Peripatetic program was widespread in
late antiquity (Speca, Hypothetical, 132). For example, Boethius ‘shows no interest in reducing
hypothetical to categorical syllogisms; nor does he advert to the “analogies” between the two
types of syllogistic’ (Barnes, ‘Terms and Sentences’, 303 n. 3).
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them as such, as you please—but you must not be ignorant of the
others.

There are thus two attitudes that a Peripatetic might adopt toward hypothetical
syllogisms. One is more utilitarian and views them as mere tools for establishing
new categorical claims; the other is more theoretical and views them as suitable
objects for study in their own right. These attitudes are reflected in the two dif-
ferent ways in which hypothetical e-propositions can be interpreted. On the more
theoretical approach, which exploits all the resources of Theophrastus’ calculus
including propositional obversion, pe is naturally interpreted as the conditional
1) = —p. On the more utilitarian approach, which exploits only the useful fragment
of the calculus and therefore lacks the resources to make explicit the equivalence
of hypothetical a- and e-propositions, ety is best interpreted as expressing con-
flict, as in ¢ 1 ¢. Thus, whereas the theoretical approach would lead us to posit
only one kind of hypothetical proposition, the utilitarian approach would lead us to
posit two. Traces of both approaches can be discerned, for example, in Ammonius’
characterization of hypothetical propositions:

elc AOY0Q BmoQavTinog EGTWYV . . . O oyEoty play UdpEewy V0 anuaivev
1) xatdt Gxohouvdlay 1) xotd SLICTAGLY EUPAVOUEVNY UTO TGV TadTNY THY
BUVOPLY EYOVTWY CUVIECUMY ol Aéywv 1) Tivog dvtoc Tl oty 1) tivog
6vtoc Tl oOx Eott, xal & tolto heydpevoc Lnodetindc. (Ammon.
In Int. 73. 36-74. 5)

A single [hypothetical] assertoric sentence is ...that which signi-
fies one single relation between two obtaining things either based
on consequence or based on separation, conveyed by the respective
connectives possessing such force, and says either what is if some-
thing is or what is not if something is, for which reason it is called
hypothetical.

On the one hand, Ammonius distinguishes between two different kinds of hypo-
thetical proposition, conditionals and disjunctions, each expressed by means of its
own primitive connective. On the other hand, he characterizes the content of both
kinds of hypothetical proposition as conditional in nature, one asserting ‘what is if
something is’ and the other, ‘what is not if something is’.'®! The former character-
ization is in line with the utilitarian approach, which focuses on the variety of uses
to which hypothetical propositions can be put in proofs. The latter is in line with
the theoretical approach, on which all hypothetical logic is ultimately concerned
with a single underlying notion of conditional assertion whereby one states what is,
or is not, if something is.

Unlike hypothetical e-propositions, hypothetical i- and o-propositions cannot
appear in any arguments with a categorical conclusion and are thus entirely ab-
sent from the useful fragment of Theophrastus’ calculus.'®? Despite their relatively
marginal status, however, they still have a marked effect on the shape of the propo-
sitional logic generated by the calculus. Hypothetical i- and o-propositions derive

181Bobzien7 ‘Ammonius’, 111. For the translation of Ammonius’ double interrogative con-
structions such as tlvoc évtoc Tl éotwy, see n. 30.

182w hile no discussion of hypothetical i- or o-propositions can be found in the extant Greek
sources, they were discussed by Avicenna (al-Shifa’: al-Qiyas 5. 4 275. 15-278. 17 and 7. 1 369.
1-372. 12 Zayed, transl. Shehaby, Avicenna, 72—5 and 168-70). Read, Logic, 63 and 93 mentions
hypothetical i- and o-propositions, but notes that they ‘are rarely used’.
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their propositional significance from the fact that they are the contradictory oppo-
sites of the corresponding e- and a-propositions. Thus, the o-proposition (o) is the
negated conditional —(¢» — ¢) and, assuming that pew) is interpreted as p — -,
the i-proposition @it is the negated conditional =(1) — —¢p).183

What laws of propositional logic are valid in Theophrastus’ calculus under this
interpretation of hypothetical i- and o-propositions? The answer is given by the
following theorem:

Theorem. For any categorical propositions ¢ and i, let p — 1 be the proposition
pap and =(o — 1) the proposition —wpip. Then the following claims hold true of
O:

transitivity: =Y = xEp—=x
contraposition: p — —p F ) — -

identity: Fo—=o

connexivity: = P a(p— )

modus ponens: @, — P

reflexivity: wkp

cut: IfT,pF v and AF @, then ') A F 1.

The principles listed in this theorem are exactly those of first-degree intensional
linear logic, LI', along with:

o = p (e = 1)

In LI, this principle entails Aristotle’s Thesis and thus ensures that the system is
connexive.'® Accordingly, we refer to the system of propositional logic described in
the above theorem as connexive LI'.185 Tt can be shown that the laws of this system
are the only laws of propositional logic derivable in @.186 Thus, the propositional
logic generated by © is exactly connexive LI'.

As this result highlights, the laws of negated conditionals that are valid in
Theophrastus’ calculus are narrowly circumscribed, contributing in essence nothing
more than connexivity. It is perhaps not surprising, then, that negated conditionals
are virtually absent from early Peripatetic treatments of hypothetical logic. It is
telling, for example, that in none of the extant sources can one find instances of
reductio reasoning applied to wholly hypothetical syllogisms. Thus, no mention is

1830n this interpretation, @iy and —pot both express the same negated conditional, and
hence should be treated as equivalent: @ity 4 —@oy. While this law of propositional io-obversion
happens not to be derivable in Theophrastus’ calculus, it could easily be added to the principles
of the system without altering the system in any noteworthy respect.

184\ye therefore disagree with Bonevac and Dever, ‘Connectives’, 190, who claim that
Theophrastus’ logic of hypothetical propositions is incomplete because it fails to include Aris-
totle’s Thesis.

185Connexive LI is to be distinguished from the first-degree fragment of connexive LI, which,
as we have seen, has the undesirable feature that the conditional is symmetric.

1865ee Theorems 30 and 35 in Appendix C3.
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made of such putative syllogisms as:'8”

o=, = x) =Y —=X)
And indeed such arguments are not derivable in Theophrastus’ calculus.!®®

One prominent passage that has been interpreted as stating a law involving
negated conditionals is Aristotle’s claim in Prior Analytics 2. 4 that ‘it is impossible
for the same thing necessarily to be both if a certain thing is and if that same thing
is not’.'® Aristotle goes on to state that it is impossible for any proposition to be
implied by its own negation (57b13-14). These statements have been read by some
as endorsing the above principle of connexivity as well as Aristotle’s Thesis.'*® On
this reading, Aristotle is asserting exactly the laws concerning negated conditionals
that are derivable in Theophrastus’ calculus.!®® This is yet another respect in
which Theophrastus’ calculus can be seen as underwriting the various suggestions
pertaining to hypothetical reasoning made by Aristotle in the Analytics.

How well does connexivity fit within the broader conditional assertion account
of conditionals adopted by the early Peripatetics? It is not entirely clear how to
interpret the negation of a conditional on such an account, for what does it mean to
deny a conditional assertion? Both Adams and Edgington propose that to deny a
conditional assertion is to conditionally assert, on the same antecedent, the negation
of its consequent.'®® According to Edgington, the negation of a conditional ‘has no
clear established sense distinguishable from this’.*®® This amounts to positing the
following law:

(=)=

187This has been noted by Barnes, ‘Terms and Sentences’, 314 n. 1.

188wWhile such arguments are derivable in ®;—-@3, this is not so in ® because this calculus
does not admit higher-degree hypothetical propositions and therefore does not validate the rule
of reductio for hypothetical propositions (i.e., I', ¢ - 1) does not imply T", =) - = when ¢ and
are hypothetical).

189260 & adtol dvtoc xal uh dvtoc &B0vartov éE dvdyxne elvan T avtd, 57b3-4.

190McCall, ‘Connexive Implication’, 415; id., ‘Connexivity’, 415-16; Castagnoli, Self-
Refutation, 106-8; Y. Weiss, ‘Did Aristotle Endorse Aristotle’s Thesis? A Case Study in Aristotle’s
Metalogic’, Notre Dame Journal of Formal Logic, 63 (2022), 551-79 at 551-62; contra W. Lenzen,
‘A Critical Examination of the Historical Origins of Connexive Logic’ [‘Connexive Logic’], History
and Philosophy of Logic, 41 (2020), 16-35 at 19-29.

191 fact, there is some reason to think that Aristotle’s statement of connexivity in this passage
might have been influenced by Theophrastus’ work on hypothetical syllogisms (see n. 21).

192 Adams, ‘Conditionals’, 181; id., ‘Probability’, 271; id., Logic of Conditionals, 32; Edgington,
‘On Conditionals’, 283. For this reason, Adams, ‘Conditionals’, 184 argues that the logic of
conditional assertion can be formulated without loss of expressive power in a first-degree syntax
of propositional logic without negated conditionals. The same view is endorsed by R. Stalnaker,
‘Response to Lycan’s ‘Conditional Assertion Theories of Conditionals”, in J. Thomson and A.
Byrne (eds.), Content and Modality: Themes From the Philosophy of Robert Stalnaker (Oxford,
2006), 2726 at 275.

193 dgington, ‘On Conditionals’, 283. In this, she follows M. Dummett, The Logical Basis
of Metaphysics (Cambridge, MA, 1991) at 171, who notes that ‘it is not our normal practice to
apply negation to an entire conditional statement, and we can therefore attach no precise sense
[to negated conditionals]’. In a similar vein, id., Frege: The Philosophy of Language (London,
1973) at 451 maintains that ‘indicative conditionals of natural language can neither be negated
nor appear as antecedents of more complex conditionals’.
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The right-to-left direction of this law is the connexive principle known as Boethius’
Thesis, which can plausibly be attributed to the early Peripatetics.'®* By contrast,
the left-to-right direction of the law cannot be attributed to Theophrastus, because
adding it to connexive LI' would have the unacceptable consequence of rendering
the conditional symmetric.'® From the perspective of Theophrastus’ calculus, the
problem with Adams’s and Edgington’s account of negated conditionals is that it
conflates the contradictory opposite of a conditional with what is in fact its contrary.
Such a conflation has already been warned against by Avicenna, who writes:'?%

Gl ) (e gall o 3 Al Ll 5 1 o Auablil) Aol Gcal (f (i cpe U Ll ity 138 g
@ 058 Onsall Gl s o el ol Vs S o lacingd iaial 38 (8 LSy luallia Lagls
Sl o A0 Al A s
(Avicenna, al-Shifa’: al-Qiyas 7. 1 368. 14-17 Zayed, transl. She-
haby, Avicenna, 168; similarly, 371. 13-372. 3)
It is wrong to think that conditional propositions which have con-
tradictory consequents are contradictory, for if we have two uni-
versal affirmative propositions whose consequents contradict each
other, they can be considered as two contrary propositions. They
can both be false and so they do not contradict each other, since one
of these affirmative propositions is equivalent in force to a universal
negative proposition which is contrary to the other proposition.

Thus, while the Peripatetics agree with Adams and Edgington in endorsing con-
nexivity, they deny that to negate a conditional is simply to negate its consequent.

The fact that negated conditionals obey the laws of connexivity has a clearly
discernible effect on the shape of Peripatetic propositional logic. In particular,
connexivity imposes constraints on what sorts of compound proposition can serve
as the constituents of a conditional. Suppose, for example, we wished to introduce
classical conjunctions into Peripatetic logic and allow them to serve as antecedents
and consequents of conditionals. While this is feasible in non-connexive logics,
it leads to incomsistency in connexive LI'. For, the law of classical conjunction
elimination implies both:

FleA=p) =@ and (@A -p) = e
By contraposition and transitivity, this entails:

F (e A=p) = =(0 A )
But this contradicts Aristotle’s Thesis.'®”

194yy7hile Boethius’ Thesis is not derivable in the calculus © in its current form, it can easily
be validated by adding to ® the rule of hypothetical i-conversion: @i - ¥ip.

195By connexivity and the left-to-right direction of the law in question, we have ¢ — ¥
—@ — —1p. Hence, by contraposition, ¢ — ¥ F ¢ — ¢. Note that contraposition is rejected by
both Adams, ‘Conditionals’, 189 (see also id., ‘Probability’, 299-300; id., Logic of Conditionals,
14-15) and Edgington, ‘On Conditionals’, 286.

1963ee also J. N. Keynes, Studies and Ezercises in Formal Logic, 4th edn. (London, 1906) at
257; Read, Logic, 93; Appiah, Assertion, 205-7 and 220.

197For this reason, Abelard and other medieval logicians encountered significant problems when
they sought to integrate classical conjunction into the framework of connexive Peripatetic logic
(see C. J. Martin, ‘Embarrassing Arguments and Surprising Conclusions in the Development of
Theories of the Conditional in the Twelfth Century’, in J. Jolivet and A. D. Libera (eds.), Gilbert
de Poitiers et ses Contemporains: Aux Origines de la Logica Modernorum (Naples, 1987), 377—
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Thus, extensional operators such as classical conjunction cannot be integrated
into the framework of Peripatetic logic.'”® While this may seem a deficiency from
a Stoic or modern perspective, the Peripatetics had independent grounds for pre-
cluding conjunctions from their logic. In particular, they did not view them as
constituting genuine unities, but rather as pluralities of separate propositions that

have not been brought together within a single act of assertion:'%°

oUVOEOUL HEV Eva AOYOV GxoLGTéOV 0V TOV €V pévaue toic AéEeoty
énixtnTov Exovia T Eveoty Bid 1OV olvBesuoY, Tapanhnoing ¢ (o-
*EMW, O¢ BLd TOV cuVEYOoVTa Ta TAelova Adyovar SEoUOV €l AéyeTol
elvan, ¢ 6tay elnwyey Lwxpdtne xdinton xol AlxifBLddne nepinatel
1) Loxpdtne xdonton xol Alxfiddne xdinton fj Lwxpdtng xol Alxi-
Buadne xddnvtan (ndvtec yop ol obtwe heydpevol mheloveg Gvteg ept
HOVAY THY AEELWY EYouot THY EUPALVOUEVTY BId TOV GUVIEGUOV EVKIOLY).
(Ammon. In Int. 73. 19-25)

By a ‘sentence unified by a connective’ we must understand not
a sentence which has an adventitious unity merely in expression
because of the connective—like a bunch of several vegetables which
is said to be ‘one’ because of the tie holding them together—as
when we say Socrates sits and Alcibiades walks or Socrates sits and
Alcibiades sits or Socrates and Alcibiades sit. For such sentences
are, in each case, many and have an apparent unity in expression
alone because of the connective.

Unlike conjunctions, hypothetical propositions do combine their constituent propo-
sitions into a genuine unity, expressing either consequence or conflict:

G toUg év tolc Uro¥eTinoic XUAOUPEVOLE GUAAOYLOUOIS XoTd TO GU-
vnupévoyv 1 1o dieleuyuévov Aeyduevov napahapfovouévoug, olov i 6
Yeoc dyadog, aldlov to mdv %ol fTol dlblov To Ty 1) yevvntdv: mhelo-
VEC eV Y xod oUToL GvTES cUVDEOVTOL XoTd THY AEELY, ol eV LTTO ToD
ouvanTixol Aeyouévou cuvdéopou ol 8¢ Umo ol daleuxTnold, SN
€yoval TL mAéov @V mpoeleNuévwy, &TL 6V £V abTolc TapahauBavo-
HEVOLY TAELOVWY TEaYHATwy 7 dxohouvdlay 1) SldoTtacty onuaivousty:
o010 oUv tobto év Tl Eoty U1’ adTEY onuavouevov 1) dxoroutia adT)
BV TpaypdTeVY 1) ) SldoTaolg. ... Tolg B¢ ye mepl wovny TV A€y
™V EénixtnTov éveoty Eugaivovtag UndpEewmy Yev dnnpTiouévmy Gvtog

401 at 391-400; id., ‘Logic’, in J. E. Brower and K. Guilfoy (eds.), The Cambridge Companion to
Abelard (Cambridge, 2004), 158-99 at 190-2).

198This does not preclude the possibility of integrating some limited forms of conjunctive
reasoning into this framework. For example, one might extend Theophrastus’ theory by allowing
not just a single proposition but a plurality of propositions to serve as a propositional term (in
line with Aristotle’s remarks at Pr. An. 1. 15, 34al6-—24; 2. 2, 53b16—24, Post. An. 1. 3,
73a7-11; cf. n. 49). Such plural propositional terms would be subject to a generalized version
of propositional a-predication, such as: I'y;A F ¢ iff I' F paA. Crucially, this would not allow
us to derive problematic laws such as - pa{p, 1} since Theophrastus’s calculus does not validate
@, F . We leave open the question of how best to integrate such plural propositional terms,
and their negations (see Pr. An. 2. 2, 53b12-13 and text to n. 49), into Theophrastus’ calculus.

199This view of conjunctions was also endorsed by Boethius In Int. 109-10. See C. J. Martin,
‘Boethius and the Logic of Negation’, Phronesis, 36 (1991), 277-304 at 285-6; id., ‘Logic’, 164; id.,
‘The Logical Textbooks and Their Influence’, in J. Marenbon (ed.), The Cambridge Companion
to Boethius (Cambridge, 2009), 56-84 at 66—7; Bobzien, ‘Ammonius’, 108.
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onuavTiXolg, oyéoty 8¢ adTésv oLdeuiay onualvovtog, oL oin-
Téov €v ToUTOolC TapeLhfipion, ol el TPOOYEEVTO TOlC CUUTAEXTIXOIC
heyopévolg ouvdéopols thic év Tfj Aé€el ouveyelag ydewv. (Ammon.
In Int. 73. 25-74. 9)

Instead, [sentences unified by a connective are] those which are used
in what are known as hypothetical syllogisms of the conditional or
the disjunctive kind — for example, If god is good, then the universe
1s eternal and The universe is either eternal or begotten. For, al-
though these too are multiple and tied together in expression, the
former by the so-called conditional connective and the latter by the
disjunctive, they have something more than those mentioned above.
For, they signify either the consequence or the disjunction of the
multiple things included in them. So this, the very consequence of
the things or their disjunction, is itself the one item signified by
them. ...But those sentences which display an adventitious unity
merely in their expression and signify separately obtaining things
but no relation between them, should by no means be thought of
as unified by a connective, even if they use so-called conjunctive
connectives for the sake of continuity of expression.

Thus, for the Peripatetics, the compound propositions dealt with in logic are not
merely those which result from combining expressions by means of some arbitrary
linguistic connective. Instead, they are those which express a genuine relation be-
tween their constituent propositions, one which imparts a unified signification to the
resulting proposition. Since the Peripatetics maintained that the only compound
propositions that possess such unity are hypothetical propositions expressing con-
sequence and conflict, there is no room in their logic for conjunctions.?° Instead,
from the Peripatetic point of view, the entirety of propositional logic is exhausted
by the theory of the hypothetical syllogism, or, the logic of first-degree conditionals.

It is often thought that the early Peripatetics failed to develop any propositional
logic properly so called, instead focusing exclusively on the logic of simple categor-
ical propositions. As we have seen, however, this view of the matter is mistaken.
The early Peripatetics had no less a propositional logic than the Stoics—albeit
one which was made somewhat less visible by the fact that it was developed by
Theophrastus as a particular application of the more general framework of Aris-
totle’s categorical syllogistic. Considered in its own right, the Peripatetic theory
of hypothetical syllogisms constitutes a full-fledged system of propositional logic,
one which provides an exhaustive account of a natural, if modest, conception of
hypothetical reasoning. What differentiates this system from most modern systems
of propositional logic, as well as that of the Stoics, is that it admits only genuinely
intensional propositional connectives, excluding the extensional ones on account of
their incohesiveness. The many challenges that seem to beset the Peripatetic pro-
gram from a modern perspective only serve to reveal how fragile the ‘intensional

200As Barnes, Truth, etc., 524 puts it, ‘the logical relations with which hypothetical syllogistic
is concerned are two: implication and exclusion. So insofar as Stoic logic appeals to conjunctions,
it appeals to relations which are not logical—or to connexions which are not relations at all’.
Contra Lenzen, ‘Connexive Logic’, 27.
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paradise’ of connexive first-degree linear logic is, and how principled one must be
in developing this logic to avoid being led astray into error or incoherence.?!

Given the limited and fragmentary nature of the extant sources on which our
knowledge of early Peripatetic propositional logic is based, it is easy to impute
the same qualities of limitation and fragmentariness to the logic described therein.
Thus, for example, Barnes depicts the early Peripatetic theory of hypothetical
syllogisms as follows:

The Peripatetics recognized that [hypothetical] arguments come
in different forms. They distinguished several types of form, and
within each form they systematised and regimented the valid moods.
But they did not conceive the notion of a logical system which would
include arguments of different types, nor did they attempt a uni-
tary and comprehensive regimentation of valid arguments. Their
logic was systematic, rigorous, and formal; but it was piecemeal.
(Barnes, ‘Theophrastus’, 576)

While we agree with Barnes that Theophrastus’ hypothetical syllogistic is system-
atic, rigorous, and formal, it is our hope that the present paper has succeeded in
rebutting any charge of disunity leveled against it. For, as we have seen, Theophras-
tus’ theory of propositional terms gives rise to a single unified calculus encompassing
all the various aspects of Peripatetic propositional logic. Not only does this calculus
generate a logic of conditionals that matches exactly the early Peripatetic theories
of mixed and wholly hypothetical syllogisms, it also suffices to derive Aristotle’s rule
of reductio ad impossibile and licenses the Peripatetic commitment to connexivity.
Theophrastus’ achievement is all the more noteworthy as it manages to effect this
unification within a simple extension of Aristotle’s categorical syllogistic. For these
reasons, we submit, Theophrastus’ theory of hypothetical syllogisms constitutes the
first significant achievement in the history of propositional logic.

APPENDIX A. THE CATEGORICAL BASIS OF INTENSIONAL LINEAR LOGIC

In this appendix, we prove that the propositional logic generated by the calculus
O3 is exactly intensional linear logic. In order to state this claim precisely, we must
first demarcate the laws of intensional linear logic. We begin by introducing a new
language in which this system of propositional logic can be formulated:

Definition 10. Take as given countably many atomic formulae:
(1) Every atomic formula is a formula.

(2) If v and ¢ are formulae, then ~¢ and (¢ — @) are formulae.
For readability, we omit the outermost parentheses in formulae of the form (¢ — ).

Note that this definition gives rise to a systematic, but harmless, ambiguity in
our use of the symbol ‘—=’. When applied to formulae, this symbol is a primitive
connective in the language of propositional logic just introduced. At the same
time, it also serves as a metalinguistic shorthand for propositions of the language
of @3 (specified in Definition 1). In particular, if ¢ and v are propositions of this

2013ce the caution exercised by J.-Y. Girard, ‘Linear Logic’, Theoretical Computer Science, 50
(1987), 1-101 at 44 in preserving what he calls the ‘multiplicative paradise’ of intensional linear
logic. Similarly, A. Avron, ‘Multiplicative Conjunction as an Extensional Conjunction’, Logic
Journal of the IGPL, 5 (1997), 181-208.
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language, ¢ — v is the proposition ay. It will always be clear from the context
which of these two readings applies.
The laws of intensional linear logic can now be demarcated as follows:

Definition 11. The propositional logic LI is the smallest relation - between mul-

tisets of formulae and formulae satisfying:20?
LI 1: Flp =) = (¥ = x) = (= X)
LI 2: Flo—=®—=x) =@ —(—=x)
LI 3: = (p =) = (¥ = ~p)
LT 4: Fre~p =@

reflexivity: ¢ F ¢
MP: IfTF¢and A @ — 1), then T') A+ .

Here, ¢,%,x are any formulae; and I'; A any multisets of formulae. We write
I' F11 ¢ to indicate that I' stands in the relation LI to ¢.

The following elementary facts about LI will prove useful in the sequel:

Theorem 1.
(i) FL1 ¢ =~~~
(i) Frip — ¢
(iti) Fri (o = ¢) = (~p = ~p)
() Fui((p =) =) =2 ¢
(v) FLie = ((¢ = ) = ¢)
Proof.

(i) By LI 3, we have Frj (~~~@ — ~p) — (@ — ~~~n~p). Hence, by LI 4
and MP, F11 o = ~~~~¢. But, by LI 4, we have Fyj~~~rp — ~rp.

So, by LI 1 and MP, b1 ¢ — ~r~p.

(ii) By (i) and LI 4, we have both Fr; ¢ —~~¢ and Fri~~¢p — ¢. Hence,
the desired result follows from LI 1 and MP.

(iii) By LI 3, we have Fr1 (p — ~~1) — (~9 = ~¢p). But, by (i), LI 1, LI
2, and MP, k11 (¢ = ¢) — (¢ = ~~1)). Hence, the desired result follows
from LI 1 and MP.

(iv) By (ii), we have Fr1 ((p — ¢) = ¢) = ((¢ = ©) = ). Hence, by LI 2
and MP, i1 (¢ = ¢) = (((¢ = ¢) = ¢) = ©). The desired result follows
from (ii) and MP.

2027 multiset may be viewed as a function which assigns to each member of a given domain a
nonnegative integer representing the number of distinct occurrences of that item in the multiset.
We employ the standard notation for sets to express the corresponding notions pertaining to
multisets. Thus, for example, {z1,...,2n} is the multiset which assigns to each item in the
domain the nonnegative integer corresponding to the number of times it appears in the sequence
ZT1,...,Zn. The singleton multiset containing x is the multiset that assigns 1 to  and 0 to all
other items in the domain. If A is a multiset, * € A means A(z) > 1. For any multisets A and B:
(AUB)(z) = A(z)+ B(z); (ANB)(z) = min{A(z), B(z)}; and (A— B)(z) = max{A(z) — B(z),0}.
Lastly, if A is a multiset with domain X and f is a function from X to Y, f(A) is the multiset
with domain Y defined by f(A)(y) = X cr-1((y}) Al2)-
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(v) By (ii), we have Fr1 (¢ — ¢) = (¢ — ¢). The desired result follows from
LI 2 and MP. O

What does it mean for LI to be exactly the propositional logic generated by the
calculus ®37 This means that LI contains all and only those laws such that every
way of instantiating formulae by propositions yields an argument derivable in ®3.
Formulae are thus treated as schemata to be instantiated by propositions, and laws
consisting of formulae as schematic argument forms to be validated by @3:

Definition 12. An instantiation is any function o mapping each formula (as spec-
ified in Definition 10) to a proposition (as specified in Definition 1) such that, for
any formulae ¢ and ¥:

(1) a(~p) =—o(p)

(2) ol = ¢) = o(¥)ac(p)
For any multiset of propositions I' and any proposition ¢, we write I' kg, ¢ to
indicate that I' stands to ¢ in the relation @3 specified in Definition 5. For any

multiset of formulae I' and any formula ¢, we write I' g, ¢ to indicate that, for
any instantiation o, o(T) Fe, o(p).

The claim that the propositional logic generated by @3 is exactly LI can now be
expressed by the following biconditional: I' g, ¢ iff I' k11 . The right-to-left
direction of this biconditional is easy to establish:

Theorem 2. For any multiset of formulae T' and any formula ¢: if T Fr1 @, then
T |—@3 @Y.

Proof. For any propositions ¢, 1, x and any multisets of propositions I', A:
LI L Fe, (¢ = ¢) = (¥ = X) = (¢ = X))
This follows from Barbara by propositional a-predication.
LI 2: Fe, (¢ = (¥ = X)) = (¥ = (¢ = X))
By reflexivity and propositional a-predication, we have ¢ — (¥ — x), v, ¥ Feo,
Xx. Hence, the desired result follows by propositional a-predication.

LI3: ke, (¢ = ) = (¥ — —p)

By e-conversion and propositional obversion, we have ¢ — =9 kg, ¥ —
—p. Hence, the desired result follows by propositional a-predication.

LI 4: Fg, = = ¢
By reflexivity, we have =—¢ g, ¢. Hence, the desired result follows by
propositional a-predication.

reflexivity: ¢ Feo, ¢

This is a principle of O3.

MP: If ', ¢ and Atg, ¢ — ¢, then I', A g, 9.
Since A g, ¢ — 1, we have, by propositional a-predication, A, ¢ kg, 1.
Hence, the desired result follows by cut. (I

In the remainder of this appendix, we establish the left-to-right direction of the
biconditional (Theorem 8). In order to disclose the parallelism that exists between
©®3 and LI, it will be helpful to recast the former in a shape that more closely
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resembles the latter. We do so by offering an alternative formulation of ®3, which
we label HO®3 due to its resemblance to Hilbert-style systems:

Definition 13. The calculus HO®j3 is the smallest relation + between multisets of
propositions and propositions satisfying:

Ax1: F AaB — (BaC — AaC)

Ax2: F AeB — (BaC — AeC)

Ax3: F AeB — BeA

Ax4: F —pa) — pep

Axb5: F pe — —parp

Ax6: Fo—oe

AXT: Fle—= (W —=x) = @ —=(p—=X)
reflexivity: ¢ ¢

MP: IfTF @ and A @ — 1, then T', A 4.

Here, A, B,C are any terms; @,1,x any propositions; and I'; A any multisets of
propositions. We write I' Fie, ¢ to indicate that I' stands in the relation H®;
to ¢. For any multiset of formulae I' and any formula ¢, we write I' Frpe, ¢ to
indicate that, for any instantiation o, o(T') Fue, o(v).

We first establish that every propositional law derivable in @3 is derivable in HOg
(Theorem 4):

Theorem 3. For any propositions @,v, and any multiset of propositions T': if
F, © FH@;; ’l/), then T° FH@3 © — d)

Proof. The proof proceeds by induction on Definition 13. Clearly, I', ¢ F 9 cannot
be an instance of any of Ax1-7. If I', o I- ¢ is an instance of reflexivity, then v is
identical to ¢ and I' = (). Thus, T' + ¢ — 9 is just - ¢ — ¢, which is an instance
of Ax6.

For MP, suppose that I' U {¢} = AU A, where A Fyo, x and A Fue, x — .
There are two cases to consider:

(1) ¢ € A: Since A Fro, X — ¥, by Ax1 and MP, we have A Fpe, (¢ — x) —
(¢ — ). But, by the induction hypothesis, we have A — {¢} Fne, ¢ — x.
Hence, since (A — {¢}) UA =T, the desired result follows by MP.

(2) ¢ € A: By the induction hypothesis, A —{¢} Fne, ¥ = (x = ¥). Thus, by
AxT7 and MP, we have A — {¢} Fno, x = (¢ — ©¥). Hence, since A bye, X
and AU (A — {¢}) =T, the desired result follows by MP. O

In the following proofs, we cite previous theorems by abbreviations such as ‘T3’
(for ‘Theorem 3’).

Theorem 4. For any multiset of formulae I' and any formula ¢: if I' o, ¢, then
r |_H@3 @Y.

Proof. Tt suffices to show that, for any multiset of propositions I' and any proposi-
tion ¢: if I kg, ¢, then I' Fye, ¢. The proof proceeds by induction on Definition
5. Barbara, Celarent, e-conversion, and propositional obversion follow from Ax1-5
by reflexivity and MP. As for propositional a-predication, the left-to-right direction
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follows from T3, and the converse follows from reflexivity and MP. Reflexivity is a
principle of H®3. Finally, cut follows from T3 and MP. (]

We now show that every propositional law derivable in H®j is derivable in LI (Theorem
7). This means that, if a propositional law is not derivable in LI, there exists an
instantiation that yields a counterexample to the law in H®j3. The requisite in-
stantiation can be constructed as follows:

Definition 14. Let ¢1,ts,... be an enumeration of the simple terms and py, po, ...
an enumeration of the atomic formulae. We define a function 7 mapping terms and
propositions to formulae, as follows:
1) 7(tn) =pn, forn=1,2,...

(AaB) = 7(B) — 7(A)
(AeB) = 7(B) = ~7(4)
(AiB) = ~71(AeB)
(
(

\]
| |

9

3

AOB) ~1(AaB)
) =7(p)

We write o, for the unique instantiation satisfying o.(p,) = tpa(tpaty), for n =
1,2,....

A~ N N N /S A/~
w
— ~— — ~—
B

6) T

S

Theorem 5. For any formula p: b1 (0, (9)) = ¢ and b1 ¢ = 7(0:(9)).

Proof. The proof proceeds by induction on . If ¢ is an atomic formula, then
7(o-(¢)) = (¢ = ¢) — ¢. Hence, the desired result follows from T1.(iv)—(v).
Next, suppose that ¢ is the formula —. If 0,(¢) is an a- or e-proposition, then
T(0:(p)) = 7(0-(¥)) = =7(0,(¥)), and so the desired result follows from the
induction hypothesis, T1.(iii), and MP. If o,(¢)) is an i- or o-proposition, then
—=7(0-(p)) = 7 7(-0-(¥)) = =7(0-(¥)). Now, by the induction hypothesis, we
have Frr v — 7(0,(¢0)). Hence, by T1.(iii) and MP, we have b1 ~—7(0,(¢)) —
. Thus, Fr1 7(0-(p)) — ¢ follows from T1.(i), LI 1, and MP. The converse,
Fui 7(o-(¢)) = ¢, is obtained by similar reasoning. Finally, suppose that ¢ is the
formula ¢» — x. Then, 7(0,(¢)) = 7(0,(¥)) = 7(0,(x)). Hence, the desired result
follows from the induction hypothesis, LI 1, LI 2, and MP. O

Theorem 6. For any proposition ¢: if Fue, ¢, then Fi1 7(p).

Proof. The proof proceeds by induction on Definition 13. If ¢ is an instance of Ax1
or Ax2, then Fr1 7(¢p) follows from LI 1, LI 2, and MP. If ¢ is an instance of Ax3,
then 7(¢) is an instance of LI 3. For Ax4, let ¢ be the proposition —way — ex.
If ¢ is an a- or e-proposition, then 7(—)) = =7(¢), and so Fr1 7(p) follows from
T1.(ii). If ¢ is an i- or o-proposition, then 7(¢) is the formula (7(x) — 7(—¢)) —
(t(x) = ——=7(—%)). Hence, 11 7(¢) follows from T1.(i), LT 1, LI 2, and MP. For
Ax5, let ¢ be the proposition exy — —ay. If 1 is an a- or e-proposition, then, as
before, 1 7(p) follows from T1.(ii). If ¢ is an i- or o-proposition, then 7(¢p) is the
formula (7(x) = ——7(—%)) = (7(x) = 7(—)). Hence, Fr1 7(¢) follows from LI 1,
LI 2, LT 4, and MP. If ¢ is an instance of Ax6, then Fr1 7(¢) follows from T1.(ii).
If ¢ is an instance of Ax7, then 7(p) is an instance of LI 1. Lastly, in the case of
MP, the desired result follows from the induction hypothesis by the corresponding
principle MP in LI. O
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Theorem 7. For any multiset of formulae I' and any formula ¢: if I' Fue, ¢,
then T Fr1 .

Proof. Suppose T" Fpe, ¢. Then o,(T") Fuo, 0-(p). By Definition 13, o,(T) is a
finite multiset of propositions, say, {o-(71),...,0.(7n)}, where n > 0. By T3 and
Definition 12, it follows that Fuye, o- (1 — (2 = (- (0 — ©)--+))). Hence, by
T5, T6, and MP, we have ki1 v1 — (2 = (- (vn — @) --+)). The desired result
follows by reflexivity and MP. O

Hence, every propositional law derivable in ®3 is derivable in LI:

Theorem 8. For any multiset of formulae I' and any formula ¢: if I Fe, ¢, then
r |_LI @.

Proof. By T4 and T7. O

Theorems 2 and 8 taken together assert that the propositional logic generated by
the calculus @5 is exactly intensional linear logic.?%3

APPENDIX B. FIRST-DEGREE INTENSIONAL LINEAR LOGIC

In this appendix, we investigate the first-degree fragment of intensional linear logic.
We provide an axiomatization of first-degree intensional linear logic (Theorem 20),
and show that it comprises exactly the early Peripatetic theories of mixed and
wholly hypothetical syllogisms (Theorem 19).

In order to identify the first-degree fragment of intensional linear logic, the sys-
tem LI introduced in Definition 11 needs to be recast in such a way that every
first-degree law can be derived without recourse to any higher-degree formulae.
One standard way to ensure the availability of such bottom-up derivations is by
means of a cut-free Gentzen-style sequent calculus which satisfies the subformula
property. The following definition introduces such a Gentzen-style calculus for in-
tensional linear logic, which we label GLI:?%*

Definition 15. The calculus GLI is the smallest relation - between multisets of
formulae (as specified in Definition 10) satisfying:

203The proof strategy employed in this appendix can be adapted to show that the propositional
logic generated by the calculus @3 is exactly the relevance logic RMI. The analogue of Theorem 2
is easy to establish (cf. A. Avron, ‘What Is Relevance Logic?’, Annals of Pure and Applied Logic,
165 (2014), 26-48 at 30). To establish the analogue of Theorem 8, one may employ a system H®»
which can be obtained from Definition 13 by taking F to be a relation between sets (as opposed
to multisets) of propositions and propositions, and adding the following axioms:

Ax8: F o — (¢ — @)

Ax9: F (o= (¢ =) = (e =)

The corresponding proof of Theorem 5 for H®3 follows the standard proof of the Moh-Church
deduction theorem for relevance logic (for which see, e.g., J. M. Dunn and G. Restall, ‘Relevance
Logic’, 2nd edn., in D. M. Gabbay and F. Guenthner (eds.), Handbook of Philosophical Logic, vol.
vi, 2nd edn. (Dordrecht, 2002), 1-128 at 16-17).

204The calculus GLI corresponds exactly to the fragment of Gentzen’s sequent calculus LK
consisting of the operational rules for ~ and — and the structural rule of interchange (which in
effect allows sequents to be treated as pairs of multisets, as opposed to sequences, of formulae).
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L—: Il F A, pand ¥, Is F Ay, then I, To, 0 — ¥ = Aq, As.
R—: T, ok, A thenT'F ¢ — 9, A.

L~ IfTF @, A, then T',~p F A.

R~ IfT,pF A, then T'F~p, Al

reflexivity: ¢t ¢

Here, ¢, 1 are any formulae; and T'; A (and their subscripted variants) any multisets
of formulae. We write I Fqpr A to indicate that T stands in the relation GLI to
A.

It is a well-established fact that the cut rule is admissible in GLI.2% This fact is
stated in the following theorem, the proof of which we omit for reasons of space:

Theorem 9. If Fl FGLI Al, 2] and QD,FQ FGLI AQ, then Fl,rg FGLI Al, AQ.

Given the admissibility of the cut rule in GLI, it is easy to establish that everything
derivable in Llis derivable in GLI:

Theorem 10. [fF FLI @, then T’ FGLI @Y.

Proof. The proof proceeds by induction on Definition 11. Reflexivity is a principle
of GLI. For MP, suppose that I" Fgrr ¢ and A Fgrr ¢ — . By reflexivity and
L—, we have ¢, ¢ — 9 Fqp1 ¥, and so the desired result follows by T9.

It only remains to show that, if ¢ is an instance of LI 1-4, then Fgry ¢. For LI 1,
by reflexivity and L—, we have ¢ — 9,19 — x, ¢ Fcr1 x. Hence, the desired result
follows by R—. For LI 2, by reflexivity and L—, we have ¢ — (¢ — x), %, ¢ FaL1 X-
Hence, the desired result follows by R—. For LI 3, by reflexivity, R~, and L~, we
have Fgr1 ¢,~¢ and ¥, ~v Fgri. Hence, by L—, ¢ —~v, ¢ Fgri~y, and so
the desired result follows by R—. For LI 4, by reflexivity, R~, and L~, we have
~r~p Farr . Hence, the desired result follows by R—. (]

First-degree intensional linear logic consists of exactly those laws of intensional
linear logic that involve only zero- and first-degree formulae. We refer to such
formulae as zfd formulae:

Definition 16. A formula is zero-degree if it is either atomic or of the form ~,
where ¢ is atomic. A formula is first-degree if it is of the form ¢ — 1, where ¢ and
1 are zero-degree. A formula is zfd if it is either zero- or first-degree.

Definition 17. We write I' F5; 2 A to indicate that both I' kg A and every
formula in I' U A is zfd.

First-degree intensional linear logic exhibits the following combinatorial property,
which will help us to map it onto the theories of the mixed and wholly hypothetical
syllogism: for every sequent derivable in GLI', if it contains a first-degree conclu-
sion, then it contains no zero-degree formulae, otherwise it contains exactly two
zero-degree formulae.

205800 A. Avron, ‘Simple Consequence Relations’, Information and Computation, 92 (1991),
105-39 at 133; T. Braiiner, Introduction to Linear Logic (Aarhus, 1996) at 43-55; K. Bimbd,
‘The Decidability of the Intensional Fragment of Classical Linear Logic’, Theoretical Computer
Science, 597 (2015), 1-17 at 5-11.
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Definition 18. For any multiset of formulae I", we write No(T') (resp. N1(T)) for
the number of occurrences of zero-degree (resp. first-degree) formulae in T'.

Theorem 11. IfT'Fq 1 A, then 2N (A) + No(TUA) = 2.

Proof. The proof proceeds by induction on Definition 15. For reflexivity, if ¢ is zero-
degree, then N1(A) = 0 and No(TUA) = 2; and, if ¢ is first-degree, then Ny (A) =1
and No(TUA) = 0. In either case, the desired equality holds. For R~ if ~¢ is a zfd
formula, then, by Definition 16, it is zero-degree. Hence, N1(A U {~¢}) = N1(A).
But since, by Definition 16, No(TUAU{~p}) = No(TUAU{¢}), the desired equality
follows by the induction hypothesis. The case of L~ is handled in similar fashion.
For R—, if ¢ — 1 is a zfd formula, then, by Definition 16, ¢ — v is first-degree
and both ¢ and ¢ are zero-degree. Hence, N1(AU {¢ — ¢¥}) = Ny(AU{¢}) +1
and Ng(TUA U {p — ¢}) = No(TUA U {¢,9}) — 2, and so the desired equality
follows by the induction hypothesis. For L—, if ¢ — 9 is a zfd formula, then, by
Definition 16, ¢ — 1 is first-degree and both ¢ and v are zero-degree. Hence, by
the induction hypothesis, No(A;UT) =1, Ng(AaUT3) =1, and Ny (A1 UA3) =0,
and so the desired equality holds. O

‘We now proceed to divide first-degree intensional linear logic into two subfragments,
depending on whether the conclusion is a zero- or first-degree formula. We will show
that the first of these subfragments corresponds exactly to the early Peripatetic
theory of mixed hypothetical syllogisms, and the second to the early Peripatetic
theory of wholly hypothetical syllogisms (Theorem 19).

We begin by introducing a calculus, MH, which captures the early Peripatetic
theory of mixed hypothetical syllogisms. To formulate this calculus in a manner
that more closely resembles the early Peripatetic treatment of negation, we make
use of a metalinguistic operation — which maps an atomic formula to its negation
and vice versa:

Definition 19. For any zero-degree formula ¢:

~p if ¢ is atomic

- is the zero-degree formula { W if o is ~ab, where ¢ is atomic

Definition 20. The calculus MH is the smallest relation - between multisets of
zfd formulae and zero-degree formulae satisfying:

modus ponens: p,p — Y=Y

modus tollens: -, — @ -

reflexivity: pkFoe

cut: IfT,pF ¢ and AF p, then T', A F 4.
We write I Fyip ¢ to indicate that I' stands in the relation MH to ¢.

The following two theorems collect some elementary facts about MH which will
prove useful in the sequel:

Theorem 12. IfT by ¢, then No(T) = 1.
Proof. By induction on Definition 20. (]

Theorem 13.
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(1) If T, bavm 4, then T, = By .
(i) If T by and Ay By X, then Ty AJ o — ¥ Fuvp .

Proof.

(i) The proof proceeds by induction on Definition 20. For modus ponens, the
desired result follows from modus tollens, and vice versa. For cut, suppose
that T', o Fyvm ¥ has been obtained from I'y Fyg x and T'o, x Fvu 0,
where T'y UT9 = T U {p}. If ¢ € Ty, then, by the induction hypothesis,
Ty —{¢}, 9, x Fmua —¢, and so the desired result follows by I'y Fyy x and
cut. If ¢ € T'y, then, by the induction hypothesis, I'; — {¢}, =x Fymu —¢
and 'y, =9 vy —x, and so the desired result follows by cut.

(ii) Since I' Fyu o, by modus ponens and cut, we have I',o — ¥ bFyp 9.
Hence, the desired result follows by A, Fypg x and cut. O

As the following theorem states, MH is exactly the single-conclusion fragment of
GLI' in which the conclusion is zero-degree:

Theorem 14. For any zero-degree formula ¢: I' oy ¢ iff I by .

Proof. In light of T11 and T12, it suffices to show that for any multiset of first-
degree formulae I' and any zero-degree formulae o, 9: I', o Foppn ¥ iff I', 0 v 9.
Given T9, the right-to-left direction of this claim is easy to establish.

For the left-to-right direction, we establish the stronger result that, for any
multiset of first-degree formulae I and any zero-degree formulae ¢, 1):

(i) f ', o kg ¥, then T', ¢ Fym 43
(ii) if T, ¢, 9 Fopp, then T, ¢ by —; and
(ili) if I' Fopp @, %, then T', = By .

The proof proceeds by induction on Definition 15. For R~, we only need to consider
cases (i) and (iii). In case (i), I', ¢ Fqp 1 ~x has been obtained from I', ¢, x ka1,
where x is atomic, and so the desired result follows by the induction hypothesis. In
case (iii), I' kgt ¢, ~Xx has been obtained from I', x Fqpt ¢, where x is atomic.
Hence, by the induction hypothesis, we have I', x Fyvm . Thus, the desired result
follows by T13.(i). The case of L~ is handled in similar fashion. For R—, the claim
holds vacuously.

For L—, we consider each of the cases (i)-(iii) in turn. In case (i), it follows by
T11 that I'1, T2, x = p, ¢ Fgrir ¥ has been obtained either from I'y, ¢ F¢pr x and
Lo, pbgrp ¥, or from I'y B x,% and 'y, 0, p 2. In the former case, by the
induction hypothesis, we have I'1, ¢ by x and T'g, p By ¥, so that the desired
result follows by T13.(ii). In the latter case, by the induction hypothesis we have
Iy, = Fyvu x and T, p By —, so that the desired result follows by T13.

In case (ii), it follows by T11 that I'1,T's,x — p,, ¥ Fgpp has been ob-
tained either from I't,¢ ko x and I'y, p, ¢ g2, or from I'y, 4 o x and
Iy, p, 0 Fappe- In the former case, by the induction hypothesis, we have I't, ¢ Fvu X
and g, p Fya ), so that the desired result follows by T13. In the latter case,
by the induction hypothesis, we have I'1, v Fyg x and T'a, p By —¢, so that the
desired result follows by T13.

In case (iii), it follows by T11 that I'1,T's, x — p Fgppr %, ¥ has been obtained
either from I'y Fppn x, ¢ and 'y, p Fpp 9, or from I'y Foppn x, ¢ and ', p o
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. In the former case, by the induction hypothesis, we have I'1, —¢ Fy x and
s, p Fyvu ¥, so that the desired result follows by T13. In the latter case, by the
induction hypothesis, we have I'y, =¢ by x and T's, p By o, so that the desired
result follows by T13. O

One important corollary of this theorem is that, even though MH does not admit
first-degree conclusions, it is nevertheless able to simulate first-degree cuts:

Theorem 15. IfT', o — ¢ by x and A, o By ¥, then Ty A By x-
Proof. This follows from R—, T9, and T14. (Il

We next introduce a calculus, WH, which captures the early Peripatetic theory
of wholly hypothetical syllogisms:

Definition 21. The calculus WH is the smallest relation - between multisets of
zfd formulae and first-degree formulae satisfying:

transitivity: o=, —=>xFp—=x

contraposition: ¢ — =1 = —p

identity: Fo—o

cut: IfT, ot and AF @, then T', A .
We write I' Fwi ¢ to indicate that I' stands in the relation WH to ¢.

Theorem 16. If T Fwy ¢, then No(I') = 0.
Proof. By induction on Definition 21. |

The following theorem states that, up to the deduction theorem, MH and WH are
one and the same system of propositional logic:

Theorem 17. T, o by ¢ iff T Fwi @ — 4

Proof. In light of T12 and T16, we may assume without loss of generality that I"
contains only first-degree formulae. In the left-to-right direction, the proof proceeds
by induction on Definition 20. For modus ponens and modus tollens, the claim
follows from contraposition and cut. For reflexivity, the claim follows from identity.
For cut, suppose that I', ¢ Fypg 9 has been obtained from I'y, x Fyvm ¢ and Ty By
X, where Ty UTe = T'U {p}. Since x is zero-degree, by T12, I'; contains only first-
degree formulae, ¢ € I'y, and I's — {¢} contains only first-degree formulae. Hence,
by the induction hypothesis, we have I'y Fwy x — ¢ and T's — {¢} Fwu ¢ — Xx.
Thus, the desired result follows by transitivity and cut.

In the right-to-left direction, the proof proceeds by induction on Definition 21.
For transitivity, the claim follows from modus ponens and cut. For contraposition,
the claim follows from modus tollens. For identity, the claim follows reflexivity. For
cut, suppose that I' Fwyg ¢ — ¥ has been obtained from I'y, x Fwy ¢ — ¥ and
I's Fwa x, where I't UTs = T'. By T16, x is of the form p — ¢. Hence, by the
induction hypothesis, we have I'y,p — ¢, Fyvm 9 and T'a, p Fym . Thus, the
desired result follows by T15. O

Finally, we introduce the calculus LI', which axiomatizes the first-degree fragment
of intensional linear logic (Theorem 20):
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Definition 22. The calculus LI' is the smallest relation - between multisets of zfd
formulae and zfd formulae satisfying:

transitivity: o=, = xkFe—x
contraposition: ¢ = Y kY — -
identity: Fo—op
modus ponens: @, — P Y
reflexivity: ok
cut: IfT, ot and AF @, then I', A 2.
We write I' b1 ¢ to indicate that ' stands in the relation LI' to ¢.
Theorem 18. IfT' 1 ¢ and ¢ is first-degree, then No(I') = 0.
Proof. By induction on Definition 22. O
The following theorem states that LI' decomposes exactly into MH and WH:

Theorem 19. I' - 1 ¢ iff either ¢ is zero-degree and I' by @ or ¢ is first-degree
and T Fwi .

Proof. For the right-to-left direction, if ¢ is first-degree and I' Fwy ¢, it is clear
that I' by 1 ¢. If, on the other hand, ¢ is zero-degree and I' Fym @, then, by T12
and T17, there is a zero-degree formula ¢ such that T' — {¢)} Fwu ¥ — ¢. Hence,
I — {4} b ¥ — ¢, and so the desired result follows by modus ponens and cut.
For the left-to-right direction, the proof proceeds by induction on Definition
22. The base case is obvious. For cut, suppose that I' |1 ¢ has been obtained
from I'y Fy 1 ¥ and I'y, ¢ Fp @, where I't Uy = I'. If both ¢ and v are zero-
degree (resp. first-degree), the claim follows by the induction hypothesis and cut in
MH (resp. WH). Given T18, it only remains to consider the case in which ¢ is zero-
degree and 1) is first-degree. In this case, by the induction hypothesis, I's, 9 by
and I'y Fwy ¥. Hence, the desired result follows by T15 and T17. O

To conclude, we observe that LI' does indeed axiomatize the first-degree frag-
ment of intensional linear logic:

Theorem 20. T' 1 ¢ iff both T Fr1 ¢ and every formula in T'U {¢} is zfd.

Proof. In the left-to-right direction, the claim follows straightforwardly from the
fact that, given T17 and T19, the principle cut in LI' can be replaced, without loss
of deductive power, by the restriction of the principle MP in LI to zfd formulae.
For the right-to-left direction, if ¢ is zero-degree, the desired result follows by T10,
T14, and T19. If, on the other hand, ¢ is the first-degree formula ¥ — x, then, by
reflexivity and MP, ', ¢ 1 x. Hence, the desired result follows by T10, T14, T17,
and T19. O

APPENDIX C. THEOPHRASTUS’ CALCULUS ©
In this appendix, we establish the various results stated in the paper that pertain
to Theophrastus’ calculus, ®. The main results established are as follows:

1. The categorical fragment of ® is Aristotle’s theory of the categorical syllo-
gism (Appendix C1).
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2. The categorical-conclusion fragment of ® is Aristotle’s theory extended by
Galen’s laws of consequence and conflict (Appendix C2).

3. The propositional logic generated by @ is exactly connexive first-degree
intensional linear logic (Appendix C3).

Throughout this appendix, all terms and propositions adhere to the non-recursive
syntax specified in Definition 6. We write I' Fg ¢ to indicate that I" stands to ¢ in
the relation © specified in Definition 7.

CO0. Preliminaries: A Gentzen-Style Sequent Calculus for ©. In the cal-
culus ©, there are many categorical laws which cannot be derived without recourse
to hypothetical propositions (e.g., Baroco, Bocardo, and other laws that rely on
reductio ad impossibile). This makes it difficult to isolate the categorical fragment
of ® from its hypothetical remainder. In order to identify this fragment, it will
therefore be helpful to recast the calculus so that every purely categorical law has
a purely categorical derivation (i.e., a derivation that does not involve any hypo-
thetical propositions). To this end, we will render ® as a Gentzen-style sequent
calculus. The central feature of this calculus is that it allows for the elimination of
any cuts in which the cut proposition is hypothetical (Theorem 22). The following
definition introduces this Gentzen-style calculus for ®, which we label GO:

Definition 23. The calculus GO is the smallest relation F between multisets of
propositions satisfying:
Barbara[cas: AaB, BaC + AaC, where A, B, C are simple terms.
Celarent [cat: AeB, BaC' + AeC, where A, B, C are simple terms.
e-conversion|c.: AeBF BeA, where A, B are simple terms.

a-conversion[cat: AaB F BiA, where A, B are simple terms.

La: Ifry F A, and 9, g F Ao, then T'y, To, ap B Ay, As.

Ra: IfT, o, A, then I' - vap, A.

Le: IfTy F Ar, o and 9, 0o F Ao, then 'y, To, —pep H Aq, As.

Re: IfT, o, A, then I' - —ep, A.

Ri: IfT'F pap, A, then T' - pip, A.

L—: For any categorical proposition ¢: if I' F ¢, A, then I', ~¢ F A.
R—: For any categorical proposition ¢: if I', o = A, then T' F =g, A.
reflexivity: pkoe

cut: IfT'y F A o and o, T F Ay, then Ty, s F Ayq, As.

We write I' Fgo A to indicate that I" stands in the relation GO to A.

In dealing with the calculus GO, it will be helpful to adopt the proof-theoretic ter-
minology that is typically employed in discussions of Gentzen-style sequent calculi.
In this terminology, a sequent is an ordered pair of multisets of propositions, the
first member of which is referred to as the antecedent of the sequent and the second
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as its succedent. We write I' = A for the sequent with antecedent I and succedent
A. Proofs in GO are defined as follows:

Definition 24. A proof of the sequent I' H A in GO is a finite, sequent-labeled
tree with a single root node, such that:

1. The root node is labeled by the sequent I' = A.

2. Each terminal node is labeled by a sequent that is an instance of either
Barbara[.,t, Celarent | .;, e-conversion|.,t, a-conversion|q,¢, or reflexivity.

3. Each node is labeled by a sequent that relates to the sequents labeling that
node’s immediate successors in accordance with one of the rules: La, Ra,
Le, Re, Ri, L—, R—, and cut.

Clearly, I' Fge A if and only if there exists a proof of the sequent I' - A in GO.
The following theorem states that everything derivable in © is derivable in G®:

Theorem 21. IfT' g ¢, then I Fgo .

Proof. The proof proceeds by induction on Definition 7. The claim clearly holds
for all categorical instances of Barbara, Celarent, e-conversion, and a-conversion.
All other instances of these principles are such that the premises and the conclusion
are hypothetical. For the cases of Barbara, e-conversion, and a-conversion, we have
the following proofs in GO:

vEY  xEX g,
Barbara: % Fy Y. xap F X (La)
wwwwwax(m)
Yap, xah E xap
H +
;{ﬂ Y (mey Jﬁﬁ¢?L L)
e-conversion: ©, P ’ (Le)
vep v F ~o oo
Yep - pey)
a-conversion: M (Ri)
pay) = Yip

Similar proofs can be given for Celarent and propositional obversion. For the right-
to-left direction of propositional a-predication, the claim follows by the rule Ra.
For the left-to-right direction, suppose I' Fgg ©Yap. We then have T, p Fge 9, by
the following proof:

SR pry  YEY
U dayp P
Lpky

For reflexivity and cut, the claim follows from the corresponding rules in GO. O

While the cut rule specified in Definition 23 allows for hypothetical cuts, we now
proceed to show that all such cuts can be eliminated from the calculus GO (The-
orem 22):
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Definition 25. With respect to a given application of the cut rule in a proof, the
cut proposition is that proposition which instantiates ¢ in the schematic formulation
of cut appearing in Definition 23. An application of the cut rule is a hypothetical
cut if its cut proposition is hypothetical.

Theorem 22. IfT'Fgg A, then I' = A has a proof which contains no hypothetical
cuts.

Proof. We may assume without loss of generality that I' = A has a proof which
contains only one hypothetical cut, in the last step of the proof. For any such proof,
we write N; (resp. N,.) for the immediate descendant of the root node labeled by
the sequent that instantiates 'y B Aj, ¢ (resp. ¢,Ts F Ajy) in the schematic
formulation of cut appearing in Definition 23. A left (resp. right) path is a path
that starts with IV; (resp. N,.) and ends with a terminal node. The rank of a left
(resp. right) path is the number of consecutive initial nodes in the path labeled by
a sequent the succedent (resp. antecedent) of which contains the cut proposition
of the hypothetical cut that concludes the proof. The left (resp. right) rank of the
proof is the maximum of the ranks of all the left (resp. right) paths of the proof.
The rank of the proof is the sum of its left and right ranks.
Let P be a proof of I' H A of rank r:

Pr TiFALe o laF A
I, To AL A

(cut)

The proof of the theorem proceeds by induction on 7.

Base case: r =2

(1.1) N; (resp. N;) is a terminal node: Since ¢ is hypothetical, it follows that
Nj (resp. N,) is labeled by the sequent o . In this case, both N,. (resp.
N;) and the root node of P are labeled by the same sequent, and so the
subtree of P whose root node is N,. (resp. N;) is a proof of ' - A that does
not contain hypothetical cuts.

(1.2) Neither N; nor N, is a terminal node: Since r = 2, the cut proposition
¢ does not appear in the succedent (resp. antecedent) of any sequents
labeling an immediate descendant of N; (resp. N,). Thus, there are two
cases to consider:

(1.2.1) ¢ =ay, i.e., P is of the form:

T, xFv,A (Ra) Foq b x,Agy Foo,p = Ag o (Lo)
Fll_AlySO <P7F2|_A2

', Iy = A Ay

(cut)

This can be transformed into a proof of I' H A that does not contain
hypothetical cuts, as follows:
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Ly, x Fv, A Fo1Fx, Az

(uty i
', Iog F4, A1, Agy [oo,p F Ag g ()
I, oA Ay
(1.2.2) ¢ = ey, i.e., P is of the form:
[y,x =, Ay (Re) Pt x, Az Fo2, 7 Ago Lo
F]_'_Al,gﬁ 907F2|_A2 (cut)

',y = Ay Ay

This can be transformed into a proof of I' A that does not contain
hypothetical cuts, as follows:

Fyx ==, Ay Fo1Fx, Az
I',Toi B9, A1, A0
I, oA Ay

(cut)

Lo, p = Agn

(cut)

Inductive Step: 7 > 2

For the inductive step of the proof, it suffices to note that each of the non-structural
rules of GO (i.e., La, Ra, Le, Re, Ri, L-, and R—) commutes with the cut rule in
the following sense: if we apply any such rule to one or more sequents to produce
one of the two sequents to which a cut is applied and the cut proposition appears in
the same position (either in the antecedent or succedent) in one of these sequents
as in the sequent that result from applying said rule, then: if we first perform the
cut using this prior sequent and then apply said rule, the result is the same sequent
as was originally proved.

For example, suppose that the left rank of P is > 1 and that N; results from
applying the rule La. There are two cases to consider:

(2.1) P is of the form:

FiabFEALL e Y X; 12 A
I'EALe

(La) ——t
0,2 F Ay

(cut)
I, Ta Ay Ay

Here F171 U Fl’g = F1 — {Xa¢} and A171 U ALQ = Al. This can be trans-
formed into the following proof of I' H A:

i A, 0, Lo F Ay
INET R WASE
I, T b A A,

(cut) ——
X, Ti2F A

(La)

Since, here, the proof of I'y 1,I's = Ay 1,9 is of rank < 7, the desired result
follows by the induction hypothesis.
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(2.2) P is of the form:

MaikFALY XsT2 Ao, (Lo) co
I'EALe o, Lo F Ay
', Ta Ay A
Here F171 @] FLQ = Fl - {XG/(,ZJ} and A171 U ALQ = Al. This can be trans-
formed into the following proof of I' - A:

(cut)

X; 12 Arg, 0 0, Lo F Ay () NI
X T2, o = Ap o, Ay MakFALLLY (Lo
F17 FZ }_ A17 AQ

)

Since, here, the proof of x,I'1 2,I's = Aj 2, Ag is of rank < 7, the desired
result follows by the induction hypothesis.

The same reasoning applies if the right rank of P > 1 and N, results from applying
the rule La. Thus, La commutes with the cut rule in the sense described above.

It is a straightforward matter to establish, in similar fashion, that all the other
non-structural rules of G® commute with the cut rule. For reasons of space, we
omit these cases. O

C1. The Categorical Fragment of ®. In this section, we show that the categor-
ical fragment of Theoprastus’ calculus, ©®, is Aristotle’s theory of the categorical
syllogism, A (Theorem 24). The main lemma that we will use to establish this
result is that Aristotle’s theory contains the simple categorical fragment of GO
(Theorem 23).

Definition 26. A sequent is simple if its succedent is a singleton multiset. An
application of the cut rule is a simple cut if the two sequents to which it is applied
are both simple. A sequent is categorical if its antecedent and succedent contain
only categorical propositions. A proof is categorical if each of its nodes is labeled
by a categorical sequent.

We write I' Fao ¢ to indicate that I' stands to ¢ in the relation A specified in
Definition 8.

Theorem 23. I[fT'tgo ¢ and I' + ¢ is a categorical sequent, then I' Fa .

Proof. We first show: if I' Fgo A and I' = A is categorical, there is a categorical
proof of I' H A. By T22, I' H A has a proof which contains no hypothetical cuts.
By Definition 24, if the root node of such a proof is labeled by a categorical sequent,
then so is every node of the proof.

We next show: for every categorical proof, there is a categorical proof of the same
sequent which contains no cuts other than simple ones. Without loss of generality,
we may restrict our attention to categorical proofs in which a non-simple cut occurs
only once, in the last step of the proof. Consider such a proof, P:
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Pr T FALe @ TaF A,
I, Ta kAL A

(cut)

By Definition 23, if I' Fge A, then I' U A is finite. So, let Ay = {d1.1,...,01.n};
Ay ={d21,..-,02,m}; and I's = {v1,...,m} (n,m,l > 0). First, suppose that Ay
is nonempty. Then P can be transformed into a categorical proof containing only
simple cuts, as follows:

AL (L) 0, g F Ay @)

(L—)

. (L) .
Iy, ﬁ51,1, ceey —'51,n F 2 ®, I's, —'52,27 ceey —'52,m = 52,1

I',Ta, =011, .-+, 201,m, 702,25 - o, 702,m = 021

(cut)

(R=)

: (R-)
I, Do, Ap, Ay

Next, suppose that As is empty. By induction on Definition 23, if I' A has a
categorical proof, then I' U A is neither empty nor a singleton multiset. Hence, I'y
is nonempty. Thus, P can be transformed into a categorical proof containing only
simple cuts, as follows:

TFAe o
. , o -

: (L) 22 (R-)
'y, =01,0,...,in o o T e 1 (cut)
F17"61717'"7"51,7“727"'77[ }_"71

I, Do, 201,150,010 F

(L=)

(R-)

____ - (R~
F17F27'_A1 ( :

To establish the theorem, it will now suffice that show: if I' - ¢ has a categorical
proof which only contains simple cuts, then I' o ¢. Let the rank of a proof be
the sum of (i) the number of applications of the cut rule in the proof; and (ii) the
length of the shortest path that starts with the root node and ends with either a
terminal node or a node that results from applying the cut rule.

Let P be a categorical proof of I' + ¢ of rank r which only contains simple cuts.
If r = 1, then I' F ¢ is a terminal node. This means that I' - ¢ is either an
instance of Barbara[.,;, Celarent|c., e-conversion[c,s, Or a-conversion|c,t, or else
a categorical instance of reflexivity. Hence, by Definition 8, I' F4 ¢.

Next, suppose that » > 1 and that the root node of P results from a simple cut:

L O To k@
'y

(cut)
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By the induction hypothesis, I'y Fao ¥ and ¥, Fa ¢. Hence, the desired result
follows by cut in A.

Lastly, suppose that » > 1 and that the root node of P does not result from
an application of the cut rule. Then, P concludes with a path Ny,..., N (k > 2)
such that (i) Vi is the root node of P; (ii) Ny is either a terminal node or results
from a simple cut; and (iii) N; (i = 2,...,k) results from an application of either
L- or R— to N;_;. By (ii), NV; is labeled by a simple categorical sequent, A F 1.
But then, by (iii), it follows that I' - ¢ is either A F ¢ or A — {x}, ¢ F —x, for
some proposition x. Since, by the induction hypothesis, A 4 1, the desired result
follows by reductio in A. O

Theorem 24. For any multiset of categorical propositions I' and any categorical
proposition p: T'lg @ iff I' Fa .

Proof. In the right-to-left direction, the claim is easy to establish. In the left-to-
right direction, the claim follows from T21 and T23. (]

C2. The Categorical-Conclusion Fragment of ©. In this section, we show
that the categorical-conclusion fragment of Theoprastus’ calculus, ©, is Aristotle’s
theory of the categorical syllogism extended by Galen’s laws of consequence and
conflict, i.e., the calculus G (Theorem 28). The main lemma that we will use
to establish this result is that Galen’s theory, G, contains the simple categorical-
conclusion fragment of GO (Theorem 27).

We write I' ¢ ¢ to indicate that I" stands to ¢ in the relation G specified in
Definition 9. The following elementary facts about G will prove useful in the sequel:

Theorem 25. Suppose that T'Fg ¢ and ¥, Atg x. Then:

(2) I A Yap Fa x
(ii) L', A, ~pa—h bg x
(iii) T, A, —ep g x
(iv) T, A, ~peyp e x

Proof. For (i), by consequence and cut, we have ¢, vap, A Fg x, and so, by cut,
'y A vap Fg x. For (iii), by conflict and cut, we have ¢, =bep, A F¢ x, and so,
by cut, T', A, —wep g x. Similarly for (ii) and (iv). O

In order to establish the main lemma of this section, we first prove an additional
cut-elimination theorem for G® that applies to simple sequents with a categorical
conclusion (Theorem 26).

Definition 27. An application of the cut rule is strictly categorical if the two
sequents to which it is applied are both categorical. A sequent is right-categorical
if its succedent contains only categorical propositions. A proof is right-categorical
if each of its nodes is labeled by a right-categorical sequent.

Theorem 26. IfI' Fqge ¢ and ¢ is categorical, then I' - ¢ has a right-categorical
proof in which every cut is strictly categorical.

Proof. We first show that, if I' Fqe ¢ and ¢ is categorical, then I' - ¢ has a right-
categorical proof. By T22, I' i ¢ has a proof which contains no hypothetical cuts.
By Definition 24, if the root node of such a proof is labeled by a right-categorical
sequent, then so is every node of the proof.
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We next show that, for every right-categorical proof, there is a right-categorical
proof of the same sequent which contains no cuts other than strictly categorical
ones. Let the degree of a sequent be the number of occurrences of hypothetical
propositions in its antecedent. The degree of a cut is the degree of the sequent
which results from the cut, and the degree of a proof is the maximum of all the
degrees of cuts appearing in it. It will suffice to show that, for any right-categorical
proof of degree d > 1, there is a right-categorical proof of the same sequent of degree
< d. Without loss of generality, we may restrict our attention to right-categorical
proofs which contain only one cut of degree d > 1, in the last step of the proof. Let
P be such a proof:

PrTiFALe  pTab A,

Let N; (resp. N,) be the immediate descendant of the root node of P whose label
is the sequent 'y F Ay, ¢ (resp. ¢, s B As). Suppose that T'y (resp. T's) contains
a hypothetical proposition. Since P is right-categorical, the subproof of P whose
root node is N; (resp. N,.) concludes with a path Ni,..., Ny (k > 1) such that (i)
Ni is the node N; (resp. N,.); (ii) Np results from an application of either La or
Le; and (iii) N; (¢ = 2,...,k) results from an application of either L— or R— to
N;_1. By (ii) and (iii), one of the two immediate descendants of N; is labeled by
a sequent which contains either ¢ in its succedent (resp. antecedent) or —¢ in its
antecedent (resp. succedent), and which is of strictly lesser degree than the sequent
that labels N; (resp. N,.). Thus, for example, P may be of the form:

(cut)

I‘/1,17 —p - A/1,171/) XaF/1,2 F A/1,2
P I, —e AL

(La)

e (L/R) —_—
Fll_AhSD W?FQFAQ

(cut)

', Po = Agy Ay
Here, T'y = A can be obtained from I') - A’ by repeated applications of R— and
L= T, Ul = I — {xay}; and A} ; UA|, = Al. In this case, P can be
transformed into a proof of degree < d, as follows:

F/1,17_'90|_A/1,17¢ (Roy) i
[y ALY, o, 2 = Ay vy e
[, Do =AY, A1) x.Tho b A,
I, T Al A,

(La)

: L/R-
', To b Ay A (L/ED
All other variations of P can be handled in similar fashion (i.e., all variations as
to whether Ny is N; or N,.; ¢ or = occurs in Ny; Ny results from La or Le; and
which of the two immediate descendants of N contains ¢ or —y). (]
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Theorem 27. If ' Fgo ¢ and ¢ is categorical, then T g ¢.

Proof. Let the degree of a sequent be the number of occurrences of hypothetical
propositions in the sequent. The proof proceeds by induction on the degree d of
the sequent I' - ¢. If d = 0, then, by T24, I' F4 ¢, and so I' g .

Now, suppose that d > 1. By T26, I' - ¢ has a right-categorical proof which
contains no cuts other than strictly categorical ones. Let P be such a proof. By
Definition 24, P concludes with a path Ny,..., N (k > 1) such that (i) Ny is the
root node of P; (ii) N; results from an application of either La or Le; and (iii) N;
(i =2,...,k) results from an application of either L— or R— to N;_;. Suppose that
Nj results from La, i.e., P is of the form:

MEALXY 9 ThE A
P: I pax = A’

(La)

TFo (L/R=)

Let =A’ be the multiset {—¢ : ¢ € A’}, and likewise for =A} and —=A5. Then, I' =
(T"U-A"U{vax})—{—¢}. There are two cases to consider: (i) =¢ € I'j} U-A%; and
(ii) ~¢ € THU-AS. In case (i), we have, by L— and R—, (I} U-A) —{—¢}, 7x Fce
¢ and T'y, Al Fge —. Since both of these sequents are of strictly lesser degree
than T' F ¢, by the induction hypothesis, they are both derivable in G. Hence,
by T25.(ii), we have (I'} U—-A]) — {—¢}, T, ~AL vYax Fa ¢, which is the desired
result. In case (ii), since I'} Fge A, x and ¥, T Fge A), we have, by L— and R,
I, —A] Fee x and (I'y U -AL) — {—¢}, ¢ Fge ¢. Since both of these sequents
are of strictly lesser degree than I' F ¢, by the induction hypothesis, they are both
derivable in G. Hence, by T25.(i), we have I'}, =A], (T, U-AL) — {—p}, vax Fa ¢,
which is the desired result. The case in which Ny results from Le is handled in
similar fashion, by T25.(iii)—(iv). O

Theorem 28. For any multiset of propositions I' and any categorical proposition
w: ke iff T' kg .

Proof. In the right-to-left direction, the claim is easy to establish. In the left-to-
right direction, the claim follows from T21 and T27. (]

C3. The Propositional Logic Generated by ©. In this section, we show that
the propositional logic generated by Theophrastus’ calculus, @, is exactly connexive
first-degree intensional linear logic (Theorems 30 and 35). To formulate this system
of propositional logic, we extend the language specified in Definition 16 so as to
include not only first-degree conditionals but also their negations. We refer to the
formulae of this extended language as zfd ™ formulae:

Definition 28. A formula (as specified in Definition 10) is zfd* if it is either zfd
(as specified in Definition 16) or of the form ~¢, where ¢ is first-degree.

Connexive LI', which we label CLI', can now be defined as follows:
Definition 29. For any zfd* formula ¢:

e T ~p if ¢ is atomic or first-degree
# 1s the z{d™ formula { ¥ if ¢ is ~), where 1) is atomic or first-degree



THE ORIGINS OF PROPOSITIONAL LOGIC 87

Definition 30. The propositional logic CLI'is the smallest relation F between
multisets of zfd+ formulae and zfd* formulae satisfying:

transitivity: =P, Y= xFe—x
contraposition: ¢ — = 9 — =

identity: Fo—=o

connexivity: =P =)

modus ponens: p,p — 1

reflexivity: ko

cut: IfT,pF ¢ and AF p, then T', A F 4.

We write I' b1 ¢ to indicate that I' stands in the relation CLI' to ¢.
We note that CLI' satisfies the deduction theorem:
Theorem 29. IfI', o Forpn 9, then ' @ — 9.

Proof. The proof proceeds by induction on Definition 30. For modus ponens, the
desired result follows from reflexivity. For reflexivity, the desired result follows from
identity. For cut, suppose that I', o 1 9 has been obtained from I'v, x Feppr ¥
and 'y Feppr X, where I'y UTy = T'U {¢}. If ¢ € T'1, then, by the induction
hypothesis, I'1 — {¢},x Feor ¢ — ¥, and so the desired result follows by cut.
Next, suppose ¢ € I's. By induction on Definition 30, every formula derivable in
CLI' from a multiset of formulae containing at least one zero-degree formula is itself
zero-degree. Hence, since ¢ is zero-degree and ¢ € I's, x is zero-degree. So, by the
induction hypothesis, I'y Fepr x = ¢ and T's — {¢} Forpr ¢ = x. The desired
result follows by transitivity and cut. O

To interpret zfd* formulae in the language of Theophrastus’ calculus, we instan-
tiate negated first-degree conditionals by hypothetical i-propositions:

Definition 31. A zfd™ instantiation is any function o mapping each zfd* formula
to a proposition, such that, for any zero-degree formulae ¢ and :

(1) o(~p) = —o(p), where @ is atomic.

(2) olp = ¢) = a(P)ac(yp)

3) al~(p = ¥)) = o(=io(p)
For any multiset of zfd™ formulae I' and any zfd™ formula ¢, we write I' Fg ¢ to

indicate that, for any zfd™ instantiation o, o(I') Fe o(¢).

The claim that the propositional logic generated by © is exactly CLI' can now be
expressed by the following biconditional: I' Fg ¢ iff I' ;1 . The right-to-left
direction of this biconditional is easy to establish:

Theorem 30. For any multiset of zfd™ formulae T' and any zfd™ formula @: if
I'ar @, then IT' g .

Proof. Transitivity follows from Barbara. Contraposition follows from propositional
obversion, e-conversion, and cut. identity follows from reflexivity and propositional
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a-predication. Connexivity follows from propositional obversion, e-conversion, a-
conversion, and cut. Modus ponens follows from reflexivity and propositional a-
predication. O

In the remainder of this section, we establish the left-to-right direction of the
biconditional (Theorem 35). To do so, we must show that, if a propositional law is
not derivable in CLI', there exists a zfd " instantiation that yields a counterexample
to the law in ®. We construct the requisite instantiation in such a way as to
ensure that the categorical propositions that instantiate the atomic formulae are
logically independent from one another. Since, in this respect, these categorical
propositions behave like atomic formulae, we refer to the propositions in the range
of this instantiation as ‘formulaic’:

Definition 32. Let t1,ts,... be an enumeration of the simple terms and p1,ps, ...
an enumeration of the atomic formulae. Let o be the unique zfd' instantiation
satisfying o(p,) = tap_1€ta,, for n = 1,2,.... A proposition ¢ is formulaic if
¢ = o(1) for some zfd* formula . A sequent is formulaic if its antecedent and
succedent contain only formulaic propositions. We write 7 for the inverse of o.

It follows straightforwardly from the preceding two definitions that the formulaic
propositions are those of the form:

(1) th_leth, for n = 1, 2, N

(2)
(3) path, where ¢ and v are formulaic
4)

(

We now show that the formulaic propositions are categorically inert in that they
are not subject to any substantive laws in Aristotle’s theory of the categorical
syllogism, A (Theorem 32). To show this, we first note a few elementary facts
about A:

tgn_litgn, for n = 1, 27 e

i), where ¢ and 1 are formulaic

Definition 33. Propositions of the form AaB and AeB are universal; those of the
form AiB and AoB are particular; those of the form AaB and AiB are affirmative;
and those of the form AeB and AoB are negative.

Theorem 31. IfI' 4 ¢, then:
(i) T is nonempty.
(i) T contains at most one negative (resp. particular) proposition and, if T

contains a negative (resp. particular) proposition, then p is negative (resp.
particular).

(iii) There is no term A such that the multiset {1 € T' U {p} : A occurs in 1}
s a singleton.

Proof. By induction on Definition 8. ]
Theorem 32. IfT'Fa ¢ and '+ ¢ is formulaic, then T' = {p}.

Proof. By T31.(i), I' is nonempty. If T’ contains exactly one proposition, it follows
by T31.(ii)—(iii) and Definition 32 that I' = {}. If T" contains at least two proposi-
tions, it follows by T31.(ii) and Definition 32 that I" contains at least one negative
and at least one particular proposition, and hence that ¢ is a particular negative
proposition, contradicting the fact that ¢ is formulaic. [
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In order to establish the main result of this section, we introduce a calculus, F,
which contains the formulaic fragment of Theophrastus’ calculus. F serves as a
bridge between ® and CLI' in the sense that every formulaic law derivable in © is
derivable in F (Theorem 33) and every law derivable in F is an instance of a law
derivable in CLI' (Theorem 34).

Definition 34. The calculus F is the smallest relation - between multisets of
formulaic propositions and formulaic propositions satisfying:

Lal: IfT'F ¢ and ¥, A x, then T, A, vap F x.
La2: IfT'F ¢ and ¥, A x, then T', A, ~pa— F x.
Ra: If T, ¢ F 1, then I' F vap.

Ri: If ' F pa, then T' - ¢ip.

reflexivity: ¢ ¢
We write I' Fp ¢ to indicate that T" stands in the relation F to ¢.
Theorem 33. IfT' o ¢ and I' F ¢ is formulaic, then T Fg ¢.

Proof. Given T21, it suffices to prove the claim on the assumption that I' Fgg .
Let the degree of a sequent be the number of occurrences of hypothetical propo-
sitions in the sequent. The proof proceeds by induction on the degree d of the
sequent I' F . If d = 0, then, by T24, ' b4 ¢, and so, by T32, T' = {¢}. Hence,
by reflexivity, I' kg .

Now, suppose that d > 1. If T'U {®} contains a hypothetical proposition of
the form iy, then it can be shown, by induction on Definition 23, that either
I'={p}orI Fge Yay. In the former case, the desired result follows by reflexivity.
In the latter case, by reflexivity and La, we have x,vax Fge %, and so, by cut,
I', x Fge ©. Hence, the desired result follows by the induction hypothesis, Ra, and
Ri.

We may thus assume, without loss of generality, that all hypothetical proposi-
tions in I' U {p} are of the form way. Suppose ¢ is of the form ®ay. Then, by
reflexivity and La, we have y,vax Fge ¥, and so, by cut, I', x Fqge 9. Hence, the
desired result follows by the induction hypothesis and Ra. Thus, we may further
assume that ¢ is categorical. By T26, I' - ¢ has a right-categorical proof which
contains no cuts other than strictly categorical ones. Let P be such a proof. By
Definition 24, P concludes with a path Ny,..., Ny (k > 1) such that (i) Ny is the
root node of P; (ii) N; results from an application of La; and (iii) N; (i = 2,...,k)
results from an application of either L— or R— to N;_;. This means that P is of
the form:

I - AL X ¥, Iy =AY
P: IV payx - A’

(La)

: L/R—
Tr o (L/R-)

Let ~A’ be the multiset {—¢ : ¢ € A’}, and likewise for =A} and —AL. Then, I' =
(T"U-A"U{vax}) —{—p}. There are two cases to consider: (i) —p € Ty U=A’; and
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(ii) = € THU-AL. In case (i), we have, by L— and R—, (T} U=A]) —{—¢}, ~x Fae
¢ and T, —A) Fge —. Since both of these sequents are of strictly lesser degree
than I' F ¢, by the induction hypothesis, they are both derivable in F. Hence, by
La2, we have (I} U =A%) — {—¢},T%, ~AL vax Fr ¢, which is the desired result.
In case (ii), since T} Fgo Al,x and ¥, T, Fge A), we have, by L— and R,
I, —A] Fgo x and (T, U -AL) — {—=¢}, ¢ Fge ¢. Since both of these sequents
are of strictly lesser degree than I' - , by the induction hypothesis, they are both
derivable in F. Hence, by Lal, we have I'}, A, (T4 U =A}) — {—¢}, vax Fr ¢,
which is the desired result. (]

The following theorem shows that, if the function 7 (as specified in Definition
32) is applied to any law of F, the resulting law is derivable in CLI':

Theorem 34. IfI' Fg ¢, then 7(T') b 7().

Proof. The proof proceeds by induction on Definition 34. For Lal, by the induction
hypothesis, we have 7(I") Fo i 7(¢) and T(AU{¢}) Fepr 7(x).- By modus ponens,
T(p), 7(¢) = 7(¥) Forp 7(¥). Hence, the desired result follows by cut. For La2, by
the induction hypothesis, we have 7(T') b 7(¢) and 7(AU{¢}) o 7(x). By
contraposition, modus ponens, and cut, we have 7(¢), 7(—¢) = 7(—¢) Forpr T(¥).
Hence, the desired result follows by cut. For Ra, the desired result follows by the
induction hypothesis and T29. For Ri, by the induction hypothesis, we have 7(T') -
7(¢)) — 7(p). Hence, the desired result follows by contraposition, connexivity, and
cut. ]

Theorem 35. For any multiset of zfd™ formulae T' and any zfd™ formula ¢: if
I'te ¢, then I' b .

Proof. Suppose I' g ¢. Then, in particular, 771(T) o 77 1(), which, by Defini-
tion 32, is formulaic. Hence, the desired result follows by T33 and T34. ([l

Theorems 30 and 35 taken together assert that the propositional logic generated
by Theophrastus’ calculus, ©, is exactly CLI'.

Finally, we note that, when we limit our attention to zfd formulae, the proposi-
tional logic generated by @ is exactly LI':

Theorem 36. For any multiset of zfd formulae I' and any zfd formula ¢: T Fg ¢
iff T Fpp .

Proof. Given T30 and T35, it suffices to show that, for any multiset of zfd formulae
I' and any zfd formula ¢: I' b @ iff T' . In the right-to-left direction,
the claim is easy to establish. In the left-to-right direction, the proof proceeds by
induction on Definition 30. The only non-trivial case to consider is that of cut.
Suppose I' o2 ¢ has been obtained from I'1, ¢ Fep ¢ and I's Foppn 9. By
induction on Definition 30, if A Foypn x and x is zfd, then A contains only zfd
formulae. Hence, both 'y U {¢} and T's contain only zfd formulae, and so the
desired result follows by the induction hypothesis and cut in LI*.206 O
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